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초 록

주어진 트리 T의 ℓ-leaf power란, T의 모든 리프들을 꼭짓점으로 가지고, T에서 거리가 ℓ 이하인 두 리프를

변으로 연결한 그래프를 말한다. 주어진 그래프 G에서 최대 k개의 꼭짓점을 제거해 어떤 트리의 3-leaf

power가 되도록 하는 게 가능한지를 판별하는 문제를 3-Leaf Power Deletion이라고 한다. 그래프 G

에서 그러한 최대 k개의 꼭짓점이 존재하면 pG, kq를 yes-instance라고 하자. 그리고 pG, kq가 yes-instance

라는조건과 pG1, k1q가 yes-instance라는조건이동치일때, pG, kq와 pG1, k1q를동치라고하자.우리는주어진

pG, kq와 동치이며 최대 Opk14 log12 kq개의 꼭짓점을 가지는 그래프 G1와 k1 ď k로 구성된 pG1, k1q을 다항식

시간 안에 생성하는 알고리즘을 제시했다.

핵 심 낱 말 ℓ-leaf power, 꼭짓점 제거 문제, fixed-parameter 알고리즘, 커널화

Abstract

A graph G is an ℓ-leaf power of a tree T if V pGq is equal to the set of leaves of T , and distinct vertices

v and w of G are adjacent if and only if the distance between v and w in T is at most ℓ. Given a graph

G, 3-Leaf Power Deletion asks whether there is a set S Ď V pGq of size at most k such that GzS

is a 3-leaf power of some tree T . We provide a polynomial kernel for this problem. More specifically,

we present a polynomial-time algorithm for an input instance pG, kq to output an equivalent instance

pG1, k1q such that k1 ď k and G1 has at most Opk14 log12 kq vertices.

Keywords ℓ-leaf power, vertex deletion problem, fixed-parameter algorithm, kernelization
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Chapter 1. Introduction

Nishimura, Ragde, and Thilikos [37] introduced an ℓ-leaf power of a tree to understand the structure

of phylogenetic trees in computational biology. A graph G is an ℓ-leaf power of a tree T if V pGq is equal

to the set of leaves of T , and distinct vertices v and w of G are adjacent if and only if the distance

between v and w in T is at most ℓ. We say that G is an ℓ-leaf power if G is an ℓ-leaf power of some

tree. Note that an ℓ-leaf power could have more than one component. For instance, an ℓ-leaf power of

a path of length at least ℓ ` 1 has two distinct trivial components. We are interested in the following

vertex deletion problem.

3-Leaf Power Deletion

Input : A graph G and a non-negative integer k

Parameter : k

Question : Is there a set S Ď V pGq with |S| ď k such that GzS is a 3-leaf power?

The following theorem is our main result.

Theorem 1.1. For a graph G and a non-negative integer k, we can find a graph G1 having at most kOp1q

vertices and a non-negative integer k1 ď k satisfying the following in time bounded above by a polynomial

on |V pGq| :

G admits a vertex set S of size at most k such that GzS is a 3-leaf power if and only if G1

admits a vertex set S1 of size at most k1 such that G1zS1 is a 3-leaf power.

Vertex deletion problems include some of the best studied NP-hard problems in theoretical computer

science, including Vertex Cover and Feedback Vertex Set. In general, the problem asks whether

it is possible to delete at most k vertices from an input graph so that the resulting graph belongs to a

specified graph class. Lewis and Yannakakis [34] showed that every vertex deletion problem to a non-

trivial hereditary (i.e., closed under taking induced subgraphs) graph class is NP-hard. Since the class

of 3-leaf powers is non-trivial and hereditary, it follows that 3-Leaf Power Deletion is NP-hard.

Chordal graphs are graphs with no induced cycles of length at least 4. The class of chordal graphs

contains various interesting subclasses, including distance-hereditary graphs and block graphs; a graph G

is distance-hereditary if for every connected induced subgraph H and vertices v and w of H, the distance

between v and w in H is equal to that in G, and G is a block graph if every 2-connected induced subgraph

of G is a complete graph. It is known that ℓ-leaf powers are chordal, for every positive integer ℓ [8, 26].

Vertex deletion problems have been investigated on various subclasses of chordal graphs through

the parameterized complexity paradigm [17, 20], which measures the performance of algorithms not only

with respect to the input size but also with respect to an additional numerical parameter. The notion of

vertex deletion allows a highly natural choice of the parameter, specifically the size of the deletion set k.

Chordal Deletion is a problem of deciding whether a graph has a vertex set of size at most k whose

deletion makes it chordal. Marx [36] showed that Chordal Deletion is fixed-parameter tractable by

presenting an algorithm with running time fpkq ¨ nOp1q where n is the number of vertices of an input

graph and f is a computable function on k. Cao and Marx [11] improved this result by presenting

an algorithm with running time 2Opk log kq ¨ nOp1q. Distance-Hereditary Deletion is a problem of

deciding whether a graph has a vertex set of size at most k whose deletion makes it distance-hereditary.
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Eiben, Ganian, and Kwon [22] presented a single-exponential fixed-parameter algorithm for Distance-

Hereditary Deletion, that is an algorithm with running time ck ¨ nOp1q for input size n and some

constant c. Block Deletion is a problem of deciding whether a graph has a vertex set of size at

most k whose deletion makes it a block graph. Kim and Kwon [31] showed that Block Deletion

is fixed-parameter tractable by presenting an algorithm with running time 10k ¨ nOp1q. Agrawal, Kolay,

Lokshtanov, and Saurabh [1] improved this result by presenting an algorithm with running time 4k ¨nOp1q.

Dom, Guo, Hüffner, and Niedermeier [18] showed that 3-Leaf Power Deletion is fixed-parameter

tractable, based on a reduction to another problem, called Weighted Feedback Vertex Set.

Beyond the fixed-parameter tractability of parameterized problems, one of the most natural follow-

up questions in parameterized complexity is whether the problem admits a polynomial kernel. A kernel

is basically a polynomial-time preprocessing algorithm that transforms the given instance of the problem

into an equivalent instance whose size is bounded above by some function fpkq of the parameter. The

function fpkq is usually referred to as the size of the kernel. A polynomial kernel is then a kernel with

size bounded above by some polynomial on k. The existence of polynomial kernels for vertex deletion

problems has been widely investigated [6, 19, 28, 35]. Jansen and Pilipczuk [29] presented a kernel

with Opk161 log58 kq vertices for Chordal Deletion, and Agrawal, Lokshtanov, Misra, Saurabh, and

Zehavi [3] improved this result by presenting a kernel with Opk12 log10 kq vertices. Kim and Kwon [32]

presented a kernel withOpk30 log5 kq vertices for Distance-Hereditary Deletion. Kim and Kwon [31]

presented a kernel with Opk6q vertices for Block Deletion. We restate our main result, Theorem 1.1,

in these terminologies as follows.

Theorem 1.2. 3-Leaf Power Deletion admits a kernel with Opk14 log12 kq vertices.

The first step of our kernel is to find a “good” approximate solution, called a good modulator of an

input graph G, that is a set S Ď V pGq of size Opk2 log2 kq such that GzpSz tvuq is a 3-leaf power for each

vertex v in S. Afterward, we design a series of reduction rules that allows us to bound the number and

the size of components of GzS. We remark that Bessy, Paul, and Perez [7] presented a kernel with Opk3q

vertices for 3-leaf power edge modification problems including editing, completion, and edge-deletion.

We organize this paper as follows. In Chapter 2, we summarize some terminologies in graph theory

and parameterized complexity, and introduce 3-leaf powers, distance-hereditary graphs, and a relation

between them. In Chapter 3, we present two ways to give a fixed-parameter algorithm to 3-Leaf Power

Deletion, which are different from the way of Dom, Guo, Hüffner, and Niedermeier [18]. In Chapter 4,

we introduce a good modulator of a graph, and present an algorithm that either confirms that an input

instance pG, kq is a no-instance, or constructs a small good modulator of G. In Chapters 5 and 6, we

design a series of reduction rules that allows us to bound the number of vertices outside of a good

modulator of a graph. In Chapter 7, we combine the above steps to present a kernel with Opk14 log12 kq

vertices. In Chapter 8, we conclude this paper with some open problems.

This is a joint work with Eduard Eiben, O-joung Kwon, and Sang-il Oum [4].

2



Chapter 2. Preliminaries

In this paper, all graphs are finite and simple. For a vertex v and a set X of vertices of a graph G,

let NGpvq be the set of neighbors of v in V pGq, NGpXq be the set of vertices not in X that are adjacent

to some vertices in X, and NGrXs :“ NGpXq YX. We may omit the subscripts of these notations if it

is clear from the context. For disjoint sets X and Y of vertices of G, we say that X is complete to Y

if each vertex in X is adjacent to all vertices in Y , and X is anti-complete to Y if each vertex in X is

non-adjacent to all vertices in Y . Let GzX be a graph obtained from G by removing all vertices in X

and all edges incident with some vertices in X, and GrXs :“ GzpV pGqzXq. We may write Gzv instead

of Gz tvu for each vertex v of G. For a set T of edges of G, let GzT be a graph obtained from G by

removing all edges in T .

A graph G is trivial if |V pGq| “ 1, and non-trivial , otherwise. A clique is a set of pairwise adjacent

vertices. A graph is complete if every pair of two distinct vertices is adjacent, and incomplete, otherwise.

An independent set is a set of pairwise non-adjacent vertices. Distinct vertices v and w of G are twins in

G if NGpvqz twu “ NGpwqz tvu. Twins v and w in G are true if v and w are adjacent, and false if v and

w are non-adjacent. A twin-set in G is a set of pairwise twins in G. A twin-set is true if it is a clique,

and false if it is an independent set.

A vertex of a graph G is a cut-vertex if Gzv has more components than G. A set X of vertices of G

is a vertex cut if GzX has more components than G. A clique cut-set is a vertex cut which is a clique.

A vertex is isolated if it has no neighbors. A node of a tree is a leaf if it has exactly one neighbor,

and is branching if it has at least three neighbors. For graphs G1, . . . , Gm, a graph G is pG1, . . . , Gmq-free

if G has no induced subgraphs isomorphic to one of G1, . . . , Gm.

We say that a reduction rule is safe if each input instance is equivalent to the resulting instance

obtained from the input instance by applying the rule.

2.1 Parameterized problems and kernels

For a fixed finite set Σ of alphabets, an instance is an element in Σ˚ ˆ N. For an instance pI, kq,

k is called a parameter . A parameterized problem is a set L Ď Σ˚ ˆ N. A parameterized problem Π is

fixed-parameter tractable if there is an algorithm, called a fixed-parameter algorithm for Π, that correctly

decides whether an input instance pI, kq P Π in time Opfpkq ¨ ncq for a computable function f : N Ñ N

and a constant c where n is the size of I. A fixed-parameter algorithm for a parameterized problem is

single-exponential if it takes Opαk ¨ ncq time for some constants α ą 1 and c.

An instance pI, kq is a yes-instance for a parameterized problem Π if pI, kq P Π, and a no-instance,

otherwise. Instances pI, kq and pI 1, k1q are equivalent with respect to Π if pI, kq is a yes-instance for Π if

and only if pI 1, k1q is a yes-instance for Π. A kernel for Π is a polynomial-time algorithm that given an

instance pI, kq, outputs an instance pI 1, k1q equivalent to pI, kq with respect to Π such that |I 1|`k1 ď gpkq

for some computable function g : N Ñ N. Such a function gpkq is the size of the kernel. A polynomial

kernel for Π is a kernel for Π with the size as some polynomial in k. We may omit the term “for Π” and

“with respect to Π” of all these definitions if it is clear from the context. There is a relationship between

the fixed-parameter tractability and the existence of a kernel for parameterized problems.
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Figure 2.1: A bull, a dart, a gem, a house, and a domino.

Theorem 2.1 (See Downey and Fellows [20]). A parameterized problem Π is fixed-parameter tractable

if and only if Π admits a kernel.

2.2 Characterizations of 3-leaf powers

Brandstädt and Le [9] presented a linear-time algorithm to recognize 3-leaf powers.

Theorem 2.2 (Brandstädt and Le [9, Theorem 15]). Given a graph G, we can either confirm that G is

not a 3-leaf power, or find a tree of which G is a 3-leaf power in linear time.

Figure 2.1 shows three graphs called a bull , a dart , and a gem. A hole is an induced cycle of length

at least 4. A graph is chordal if it has no holes. Dom, Guo, Hüffner, and Niedermeier [18] presented the

following characterization of 3-leaf powers.

Theorem 2.3 (Dom, Guo, Hüffner, and Niedermeier [18, Theorem 1]). A graph G is a 3-leaf power if

and only if G is (bull, dart, gem)-free and chordal.

We say that a graph H is an obstruction if H either is a hole, or is isomorphic to one of the bull,

the dart, and the gem. An obstruction H is small if |V pHq| ď 5. We see the following six observations

about obstructions.

Observation 1 (O1). No obstructions have true twins.

Observation 2 (O2). No obstructions have independent sets of size at least 4.

Observation 3 (O3). No obstructions have K4 or K2,3 as a subgraph.

Observation 4 (O4). No obstruction H has a cut-vertex v such that Hzv has exactly two components

H1 and H2 with |V pH1q| “ |V pH2q|.

Observation 5 (O5). If an obstruction H has false twins v and w, then both v and w have degree 2 in

H.

Observation 6 (O6). If a vertex v of an obstruction H has exactly one neighbor w in V pHq, then w

has degree at least 3 in H.

Observation 7 (O7). A graph H is an obstruction having three distinct vertices of degree 2 in H if and

only if H is a hole.

Brandstädt and Le [9] showed that a graph G is a 3-leaf power if and only if G is obtained from

some forest F by replacing each node u of F with a non-empty clique Bu of arbitrary size, and each

edge vw of F with the edges whose one end is in Bv, and the other end is in Bw. We rephrase this

characterization by using the following definition.

A tree-clique decomposition of a graph G is a pair pF, tBu : u P V pF quq of a forest F and a family

tBu : u P V pF qu of non-empty subsets of V pGq satisfying the following two conditions.
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(1) The family tBu : u P V pF qu is a partition of V pGq.

(2) Distinct vertices x and y of G are adjacent if and only if F has either a node u such that tx, yu Ď Bu,

or an edge vw such that x P Bv and y P Bw.

We call Bu a bag of u for each node u of F . We say that B is a bag of G if B is a bag of some node of

F . We remark that each bag is a clique by (2).

Theorem 2.4 (Brandstädt and Le [9, Theorem 9]). A graph G is a 3-leaf power if and only if G has a

tree-clique decomposition. Moreover, if G is connected and incomplete, then G has a unique tree-clique

decomposition.

We remark that every connected incomplete 3-leaf power has at least three bags. Brandstädt and

Le [9] showed that for a connected incomplete 3-leaf power G, distinct vertices v and w of G are in the

same bag of G if and only if v and w are true twins in G. Thus, for such a graph G, B is a bag of G if

and only if B is a maximal true twin-set in G.

2.3 Characterizations of distance-hereditary graphs

A graph G is distance-hereditary if for every connected induced subgraph H of G and vertices v and

w of H, the distance between v and w in H is equal to the distance between v and w in G. Figure 2.1

shows two graphs called a house and a domino. Bandelt and Mulder [5] presented the following two

characterizations of distance-hereditary graphs.

Theorem 2.5 (Bandelt and Mulder [5, Theorem 1]). A graph G is distance-hereditary if and only if G

is constructed from by a sequence of the following four operations on graphs.

(1) Create a new vertex which is isolated in the resulting graph.

(2) Create a new vertex and make it adjacent to exactly one other vertex.

(3) Create a new vertex and make it a twin of some other vertex.

Theorem 2.6 (Bandelt and Mulder [5, Theorem 2]). A graph G is distance-hereditary if and only if G

is (house, domino, gem)-free, and has no holes of length at least 5.

Since both the house and the domino have a hole of length 4, every 3-leaf power is distance-hereditary

by Theorems 2.3 and 2.6.

The following lemma shows when graphs are not distance-hereditary.

Lemma 2.7. Let P be an induced path of length at least 3 in a graph G. If G has a vertex v adjacent

to both ends of P , then GrV pP q Y tvus is not distance-hereditary.

Proof. Let v1 and v2 be the ends of P , and G1 :“ GrV pP q Y tvus. Since P has length at least 3, the

distance between v1 and v2 in P is at least 3. Since v is adjacent to both v1 and v2, the distance between

v1 and v2 in G1 is exactly 2. Therefore, G1 is not distance-hereditary.

5



Chapter 3. Fixed-parameter algorithms for 3-Leaf Power

Deletion

It is already known that 3-Leaf Power Deletion is fixed-parameter tractable due to Dom, Guo,

Hüffner, and Niedermeier [18]. However, we present two alternative fixed-parameter algorithms solving

3-Leaf Power Deletion. In Section 3.1, we review width parameters on graphs. In Section 3.2, we

present a fixed-parameter algorithm solving 3-Leaf Power Deletion based on algorithms of Hliněný

and Oum [27], Jeong, Kim, and Oum [30], and Courcelle, Makowsky, and Rotics [14]. In Section 3.3,

we present a single-exponential fixed-parameter algorithms solving 3-Leaf Power Deletion, based

on a single-exponential fixed-parameter algorithm of Eiben, Ganian, and Kwon [22] solving Distance-

Hereditary Deletion.

3.1 Width parameters

Oum and Seymour [40] introduced the rank-width and a rank-decomposition of a graph. Let M be

an m ˆ n matrix with entries aij for i P rms and j P rns, and M rI, Js :“ paij : i P I, j P Jq for sets

I Ď rms and J Ď rns. Let rkpMq be the rank of a matrix M , and ApGq be the adjacency matrix of a

graph G over the binary field. The cut-rank function cutrkG of G is a function on 2V pGq to NYt0u such

that for each set X of vertices of G, cutrkGpXq “ rkpApGqrX,V pGqzXsq. Note that cutrk is symmetric,

that is, cutrkpXq “ cutrkpV pGqzXq, because ApGq is symmetric. A tree T is subcubic if |V pT q| ě 2 and

the maximum degree of T is at most 3. For a graph G with at least two vertices, a rank-decomposition

of G is a pair pT, ℓq consisting of a subcubic tree T and a bijection ℓ between V pGq and the set L of

leaves of T . We say that G has no rank-decomposition if |V pGq| ď 1.

For each edge e of T , T ze has exactly two components, thus, T ze induces a partition of L. Since

ℓ is a bijection between V pGq and L, the partition of L and ℓ induce a partition pX,Y q of V pGq. The

width of e in pT, ℓq is cutrkGpXq, and the width of pT, ℓq is the maximum width of an edge in T . The

rank-width of G, denoted by rwdpGq, is the minimum width of a rank-decomposition of G.

Oum [38] showed that distance-hereditary graphs are precisely graphs of rank-width at most 1.

Theorem 3.1 (Oum [38, Proposition 7.3]). A graph G is distance-hereditary if and only if G has rank-

width at most 1.

For the completeness of the paper, we include a proof of Theorem 3.1. To prove Theorem 3.1, we

will use the following two lemmas.

Lemma 3.2. If a graph G has twins v and w, and Gzv has at least one edge, then G and Gzv have the

same rank-width.

Proof. For every induced subgraph H of a graph G, rwdpHq ď rwdpGq. Thus, it suffices to show that

rwdpGq ď rwdpGzvq.

Let pT, ℓq be a rank-decomposition of Gzv of width rwdpGzvq. Let x :“ ℓpwq and y be the neighbor

of x in T , and T 1 be a tree obtained by subdividing xy with a new vertex z and adding a new pendant

vertex x1 adjacent to z. Let ℓ1 be a bijection between V pGq and the set of leaves of T 1 such that ℓ1pvq “ x1

and ℓ1puq “ ℓpuq for every vertex u ‰ v. Thus, pT 1, ℓ1q is a rank-decomposition of G. Note that if e is
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neither xz nor x1z, then the width of e in pT 1, ℓ1q is equal to the width of e in pT, ℓq, and if e is one of xz

and x1z, then the width of e in pT 1, ℓ1q is at most 1. Therefore, the width of pT 1, ℓ1q is at most rwdpGzvq.

In other words, rwdpGq ď rwdpGzvq.

Lemma 3.3. Let G is a graph of rank-width at most 1 with at least two vertices. Then G has dis-

tinct vertices v and w such that either v and w are twins, or exactly one of v and w has neighbors in

V pGqztv, wu.

Proof. We may assume that |V pGq| ě 3, because otherwise the vertices of G are twins. Let pT, ℓq be a

rank-decomposition of G of width at most 1. Since T has at least three leaves, it has an internal node

u adjacent to at least two leaves. Let ℓpvq and ℓpwq be distinct leaves adjacent u, and u1 be a neighbor

of u distinct to both ℓpvq and ℓpwq. Then the width of uu1 is equal to cutrkGptv, wuq which is at most

1. If the width of uu1 is equal to 0, then both v and w have no neighbors in V pGqztv, wu, and therefore

v and w are twins. Otherwise, either v and w are twins, or exactly one of v and w has neighbors in

V pGqztv, wu.

Proof of Theorem 3.1. Suppose that G is distance-hereditary. By Theorem 2.5 and Lemma 3.2, we may

assume that G is a forest. It is easy to check that every forest has rank-width at most 1.

Conversely, suppose that G has rank-width at most 1. We may assume that G has at least two

vertices. By Lemma 3.3, G has a vertex w such that G is obtained from Gzw by applying one of four

operations in Theorem 2.5. Thus, we may assume that |V pGq| “ 2. Since every graph with exactly two

vertices can be constructed from nothing by applying the operation (1) twice or the operations (1) and

(2) in order, G is distance-hereditary.

Courcelle, Engelfriet, and Rozenberg [13] introduced a p-expression, and Courcelle and Olariu [15]

introduced the clique-width of a graph. A p-graph is a labeled graph G where each vertex is labeled by

an integer in t1, . . . , pu. For a positive integer i, we denote by ipvq the p-graph with exactly one vertex

v labeled by i. Let us define the following three operations p-graphs.

(1) ‘ denotes a disjoint union of two labeled graphs.

(2) For integers i ă j in t1, . . . , pu, ηi,j denotes a unary operation making every vertex labeled by i

adjacent to each vertex labeled by j.

(3) For distinct integers i and j in t1, . . . , pu, ρiÑj denotes a unary operation relabeling every vertex

labeled by i into j.

A p-expression is an algebraic operation using ipvq for integers i P t1, . . . , pu and these three operations

in order. A p-expression of a graph G is a p-expression constructing a labeled graph whose underlying

graph is isomorphic to G. For instance, here is a 3-expression of the dart.

η2,3p2pv5q ‘ η1,3p3pv4q ‘ η1,2p1pv1q ‘ 1pv2q ‘ 2pv3qqqq.

The clique-width of a graph G, denoted by cwdpGq, is the minimum integer p such that there is

p-expression of G. The clique-width of a graph is well defined, because for a graph G with V pGq “

tv1, . . . , vnu, there is an n-expression of G by applying (2) iteratively on 1pv1q ‘ ¨ ¨ ¨ ‘ npvnq.

Oum and Seymour [40] showed that the rank-width and the clique-width of a graph are tied in the

sense of boundedness.
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Theorem 3.4 (Oum and Seymour [40, Proposition 6.3]). For a graph G, rwdpGq ď cwdpGq ď 2rwdpGq`1´

1. In addition, one can convert a k-expression of G into a rank-decomposition of G of width at most

k in Op|V pGq|q time, and a rank-decomposition of G of width k into a p2k`1 ´ 1q-expression of G in

Op|V pGq|2q time.

Golumbic and Rotics [24] showed that every distance-hereditary graph has clique-width at most 3,

and Theorems 3.1 and 3.4 give us a simpler proof for this result.

Oum and Seymour presented a fixed-parameter algorithm which either confirms that an input graph

G has rank-width larger than k, or finds a rank-decomposition of G of width at most 3k ` 1.

Theorem 3.5 (Oum and Seymour [40, Theorem 1.1]). For each non-negative integer k, there is an

algorithm which either confirms that an input graph G has rank-width at least k ` 1, or finds a rank-

decomposition of G with rank-width at most 3k`1 in Opfpkq¨|V pGq|9 log|V pGq|q time for some computable

function f : NÑ N.

Oum [39] improved this result by presenting a cubic-time algorithm.

Theorem 3.6 (Oum [39, Theorem 5.8]). For a graph G and a fixed positive integer k, there is a

Op|V pGq|3q-time algorithm that either confirms that G has rank-width larger than k, or finds a rank-

decomposition of G of width at most 3k ´ 1.

Hliněný and Oum [27], and Jeong, Kim, and Oum [30] improved this result by presenting a cubic-

time algorithm that confirming a stronger condition.

Theorem 3.7 (Hliněný and Oum [27, Theorem 7.3], and Jeong, Kim, and Oum [30, Theorem 2.3]). For

a graph G and a fixed positive integer k, there is a Op|V pGq|3q-time algorithm that either confirms that

G has rank-width larger than k, or finds a rank-decomposition of G of width at most k.

3.2 A fixed-parameter algorithm based on the meta theorem

In this section, we show that 3-Leaf Power Deletion is fixed-parameter tractable by applying

Theorem 3.7 and a theorem in Courcelle, Makowsky, and Rotics [14], called the meta theorem.

For a finite set D and a positive integer m, a relation symbol on D with arity m is a mapping

R : Dm Ñ tTrue,Falseu. A set predicate on D with arity m is a mapping R : p2Dqm Ñ tTrue,Falseu.

We denote by ρpRq the arity of a relation symbol or a set predicate R. We say that a relation symbol

or a set predicate R on D is unary if ρpRq “ 1, and binary if ρpRq “ 2. A relational structure S is a

pair pD,Rq of a finite set D and a collection R of relation symbols and set predicates. For a relational

structure S :“ pD,Rq, first-order variables represent elements in D, and set variables represent subsets

of D. For instance, a graph G with the vertex set V is a relational structure pV, tEdguq where Edg is a

binary relation symbol on V such that Edgpv1, v2q “ True if and only if v1 is adjacent to v2.

Let R be a set of relation symbols and set predicates on D. The atomic formulas are x “ y,

Rpx1, . . . , xρpRqq for variables x, y, x1, . . . , xρpRq and R P R. As usual, the propositional connectives are

 , ^, and _, and quantifications are Dx and @x for a variable x. The monadic second-order formulas

over R are formulas consisting of atomic formulas, propositional connectives, and quantifications such

that every set predicate in R is unary. A monadic second-order formula over R is a first-order formula

if R consists of only relation symbols.

For the sake of convenience, we use the following terminologies to express properties in monadic

second-order formula. Let φ and ψ be monadic second-order formulas.
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(1) x1 ‰ x2 :“  px1 “ x2q, x R X :“  px P Xq.

(2) EXrφs :“  pDXrφsq.

(3) φñ ψ :“ p φq _ ψ.

(4) φô ψ :“ pφñ ψq ^ pψ ñ φq.

(5) @x P Xrφs :“ @xrpx P Xq ñ φs.

(6) Y Ď X :“ @xrpx P Y q ñ px P Xqs.

We are going to formulate 3-Leaf Power Deletion in monadic second-order formula. To do this,

we formulate the following three properties in monadic second-order formula.

Lemma 3.8. For vertices x1 and x2 of a graph G and a set X of vertices of G, one can formulate the

following three properties in monadic second-order formulas.

(1) There is a path P from x1 to x2 such that V pP q Ď X, denoted by Pathpx1, x2, Xq.

(2) A graph GrXs is chordal, denoted by ChorpXq.

(3) A graph GrXs has a graph H with the vertex set tu1, . . . , umu as an induced subgraph, denoted by

IndHpXq.

Proof. We prove this lemma by presenting exact monadic second-order formulas.

Pathpx1, x2, Xq :“px1 P Xq ^ px2 P Xq ^ ppx1 “ x2q _ p@Y Ď Xrpp@y P Y @z P XrEdgpy, zq ñ pz P Y qsq

^ px1 P Y qq ñ px2 P Y qsqq.

ChorpXq :“EY Ď Xrp@x1 P Y @x2 P Y rPathpx1, x2, Y qsq ^ p@x P Y rDx1 P Y Dx2 P Y Dx3 P Y

rpx ‰ x1q ^ px ‰ x2q ^ px ‰ x3q ^ px1 ‰ x2q ^ px1 ‰ x3q ^ px2 ‰ x3q ^Edgpx, x1q

^Edgpx, x2q ^ p@y P Y rppy ‰ x1q ^ py ‰ x2qq ñ  Edgpx, yqsqssqs.

IndHpXq :“Dv1 P X, . . . , Dvm P X

«

m
ľ

i“1

m
ľ

j“1

rpi ‰ jq ñ ppvi ‰ vjq ^ pEdgpvi, vjq ô Edgpui, ujqqqs

ff

.

Therefore, the three properties are expressible in monadic second-order formula.

Now, we are ready to show that 3-Leaf Power Deletion is fixed-parameter tractable. A set S of

vertices of a graph G is a modulator of G if GzS is a 3-leaf power. An instance pG, kq is a yes-instance if

and only if G has a modulator of size at most k. By the monadic second-order formulas in Lemma 3.8,

one can formulate a property saying that an input graph G has a modulator of size at most k in monadic

second-order formula as follows.

Dx1 ¨ ¨ ¨ Dxkr@Xrppx1 R Xq ^ ¨ ¨ ¨ ^ pxk R Xqq ñ pChorpXq ^  IndbullpXq ^  InddartpXq ^  IndgempXqqss.

Therefore, 3-Leaf Power Deletion can be expressed in monadic second-order formula.

We remark that the deletion of one vertex ofG decreases the rank-width ofG by at most 1. Therefore,

if G has a modulator of size at most k, then it has rank-width at most k` 1, because every 3-leaf power

is distance-hereditary, and so has rank-width at most 1. By applying the algorithm in Theorem 3.7, we

may assume that for every input instance pG, kq for 3-Leaf Power Deletion, G has rank-width at

most k ` 1.
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Theorem 3.9 (Courcelle, Makowsky, and Rotics [14, Theorem 4]). Let C be a class of p-graphs of

clique-width at most k with a given Opfp|V pGq|, |EpGq|qq-time algorithm constructing a k-expression of

G for each p-graph G in C. Then every problem expressible in monadic second-order formula on C can

be solved in time Opfp|V pGq|, |EpGq|qq.

Since we assume that every input graph has bounded rank-width, and since 3-Leaf Power Dele-

tion is expressible in monadic second-order formula, 3-Leaf Power Deletion is fixed-parameter

tractable by Corollary 3.10, which is deduced from Theorems 3.4, 3.5, and 3.9.

Corollary 3.10. Given an instance pG, kq, one can correctly solve 3-Leaf Power Deletion in

Opfpkq|V pGq|3q time for a computable function f : NÑ N.

3.3 A single-exponential fixed-parameter algorithm based on an

algorithm for Distance-Hereditary Deletion

In this section, we show that 3-Leaf Power Deletion admits a single-exponential fixed-parameter

algorithm, based on a single-exponential fixed-parameter algorithm of Eiben, Ganian, and Kwon [22].

Theorem 3.11 (Eiben, Ganian, and Kwon [22, Theorem 1.1]). For a graph G and a non-negative integer

k, we can decide whether there is a set S Ď V pGq with |S| ď k such that GzS is distance-hereditary in

time Op37k|V pGq|7p|V pGq|` |EpGq|qq.

Theorem 3.12. Given an instance pG, kq, one can correctly solve 3-Leaf Power Deletion in time

Op37k|V pGq|7p|V pGq|` |EpGq|qq.

Proof. We proceed by induction on k. If k “ 0, then 3-Leaf Power Deletion is solved in linear time

by Theorem 2.2. Thus, we may assume that k ą 0. We investigate every 5-element subset of V pGq to

find a small obstruction in time Op|V pGq|5q. If we find a small obstruction H in G, then we branch on

each vertex of H to be included in the solution, and solve each of the at most five instances in time

Op37k´1|V pGq|7p|V pGq|` |EpGq|qq by the induction hypothesis. Otherwise, we apply Theorem 3.11 for

pG, kq. Then since G has no small obstructions, an induced subgraph of G is a 3-leaf power if and only if

it is distance-hereditary, and therefore the answer for 3-Leaf Power Deletion is equal to the answer

obtained from G and k by Theorem 3.11. This can be done in time Op37k|V pGq|7p|V pGq|` |EpGq|qq.
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Chapter 4. Good modulators

A modulator S of a graph G is good if GzpSz tvuq is a 3-leaf power for each vertex v in S. Note that

if G has a modulator S, then for every induced subgraph G1 of G, S X V pG1q is a modulator of G1. This

means that if pG, kq is a yes-instance, then so is pG1, kq. We remark that if G has an obstruction H and

a good modulator S, then H has at least two vertices in S. To find a small good modulator, we first

find a modulator by combining a maximal packing of small obstructions with outcomes of the following

approximation algorithms for Chordal Deletion by Kim and Kwon [33], and by Agrawal et al. [2]:

Theorem 4.1 (Kim and Kwon [33, Theorem 1.1]). Given a graph G and a positive integer k, we can

either find k ` 1 vertex-disjoint holes in G, or find a set S Ď V pGq of size Opk2 log kq such that GzS is

chordal in time bounded above by a polynomial in |V pGq|.

Theorem 4.2 (Agrawal, Lokshtanov, Misra, Saurabh, and Zehavi [2, Theorem 2]). For a graph G and

a non-negative integer k, we can either confirm that there is no set S Ď V pGq with |S| ď k such that

GzS is chordal, or find a set S Ď V pGq of size Opk log2|V pGq|q such that GzS is chordal in time bounded

above by a polynomial in |V pGq|.

Corollary 4.3. Given an instance pG, kq with k ą 0, we can either confirm that G has no modulators

of size at most k, or find a modulator of G having size Opminpk2 log k, k log2|V pGq|qq in time bounded

above by a polynomial in |V pGq|.

Proof. We can find a maximal packing H1, . . . , Hm of vertex-disjoint small obstructions in G in time

Op|V pGq|6q. If m ě k ` 1, then we confirm that G has no modulators of size at most k. Thus, we may

assume that m ď k. Let X :“
Ť

iPt1,...,mu V pHiq. We apply Theorems 4.1 and 4.2 for GzX and k. Note

that |X| ď 5k, and GzX has no small obstructions.

If any of the algorithms in Theorems 4.1 and 4.2 confirms that GzX has no set S of size at most

k such that GzpX Y Sq is chordal, then we confirm that G has no modulators of size at most k. Thus,

let S1 be the output of the algorithm in Theorem 4.1 having size Opk2 log kq, and S2 be the output

of the algorithm in Theorem 4.2 having size Opk log2|V pGq|q. Then we choose S as one of S1 and S2

so that |S| “ minp|S1|, |S2|q. Then X Y S is a modulator of G, and |X Y S| “ |X| ` |S| ď 5k `

Opminpk2 log k, k log2|V pGq|qq “ Opminpk2 log k, k log2|V pGq|qq.

With a modulator of size Opminpk2 log k, k log2|V pGq|qq at hand, we are ready to find a small good

modulator. We note that, in principle, a small good modulator might not exists, but if that is the case,

we are able to identify a vertex that has to be in every modulator of size at most k. Then we can remove

it from the input graph, and decrease the parameter k by 1.

Reduction Rule 1 (R1). Given an instance pG, kq with k ą 0, if G has k`1 obstructions H1, . . . , Hk`1

and a vertex v such that V pHiq X V pHjq “ tvu for every distinct i and j in t1, . . . , k ` 1u, then replace

pG, kq with pGzv, k ´ 1q.

Proof of Safeness. It suffices to show that if G has a modulator S of size at most k, then S contains

v. Suppose not. Then S contains at least one vertex of Hizv for each i P t1, . . . , k ` 1u. Therefore,

|S| ě k ` 1, a contradiction.
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To find the obstructions H1, . . . , Hk`1, we make use of the following lemma, which we slightly

rephrase to better fit our application.

Lemma 4.4 (Jansen and Pilipczuk [29, Lemma 1.3]). Given a graph G, a non-negative integer k, and a

vertex v, if Gzv is chordal, then we can either find holes H1, . . . , Hk`1 in G such that V pHiqXV pHjq “ tvu

for every distinct i and j in t1, . . . , k ` 1u, or find a set S Ď V pGqz tvu of size at most 12k such that

GzS is chordal in time bounded above by a polynomial in |V pGq|.

Lemma 4.5. Given an instance pG, kq with k ą 0, we can find an equivalent instance pG1, k1q such that

|V pG1q| ď |V pGq| and k1 ď k, and a good modulator of G1 having size Opminpk3 log k, k2 log2|V pGq|qq in

time bounded above by a polynomial in |V pGq|.

Proof. We first try to find a modulator S of G having size Opminpk2 log k, k log2|V pGq|qq by using Corol-

lary 4.3. If it fails, then pG, kq is a no-instance, and therefore we take pK2,2, 0q as pG1, k1q and V pK2,2q

as a good modulator of G1. Otherwise, for each vertex v in S, let Gv :“ GzpSz tvuq, and F v
1 , . . . , F

v
mpvq

be a maximal packing of small obstructions in Gv such that V pF v
i q X V pF v

j q “ tvu for every distinct i

and j in t1, . . . ,mpvqu. Finally, let G1
v :“ GvzppV pF v

1 q Y ¨ ¨ ¨ Y V pF
v
mpvqqqz tvuq. If mpvq ě k` 1 for some

vertex v P S, then we apply our algorithm recursively for pGzv, k´ 1q. This is safe, because (R1) is safe.

Therefore, we may assume that mpvq ď k for every vertex v P S.

By Lemma 4.4 for G1
v, k ´mpvq, and v, we can either

(1) find k´mpvq ` 1 holes Hv
1 , . . . , H

v
k´mpvq`1

in G1
v such that V pHv

i q X V pH
v
j q “ tvu for every distinct

i and j in t1, . . . , k ´mpvq ` 1u, or

(2) find a set S1
v Ď V pG1

vqz tvu of size at most 12pk ´mpvqq such that G1
vzS

1
v is chordal.

If (1) holds, then we apply our algorithm recursively for pGzv, k ´ 1q. This is safe, because (R1) is

safe. Therefore, we may assume that (2) holds for every vertex v in S. Then let Sv :“ pV pF v
1 q Y ¨ ¨ ¨ Y

V pF v
mpvqq Y S

1
vqz tvu. Note that |Sv| ď 4mpvq ` 12pk ´mpvqq ď 12k and GvzSv is a 3-leaf power.

We take pG, kq as pG1, k1q and X :“ S Y
Ť

vPS Sv as a good modulator of G. Clearly, |X| ď

|S| ` 12k|S| “ Opminpk3 log k, k2 log2|V pGq|qq. It remains to argue that X is a good modulator of

G. Suppose that H is an obstruction in G. Since S is a modulator of G, H has a vertex v P S. If

|V pHq X S| “ 1, then H is an induced subgraph of Gv, and therefore H has at least one vertex in Sv.

Since Sv and S are disjoint, H has at least two vertices in X. Therefore, X is a good modulator of

G.
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Chapter 5. Bounding the number of components outside of a

good modulator

Let S be a good modulator of a graph G. In this chapter, we bound the number of non-trivial

components of GzS. In Section 5.1, we introduce a complete split of a graph, and present two lemmas

observing obstructions with a complete split of a graph. Then we define a blocking pair for a set of

vertices, and present a characterization of a complete split of a graph and a lemma observing obstructions

with a common blocking pair for two sets of vertices. All lemmas introduced in this subsection will be

used in the next subsection to bound the number of non-trivial components of GzS. In Section 5.2,

we partition S into S` and S´, and bound the number of components of GzS having neighbors of S´.

Afterward, we design a reduction rule to bound the number of non-trivial components of GzS having no

neighbors of S´, and in Section 5.3, we bound the number of isolated vertices of GzS.

5.1 Complete splits and blocking pairs

Cunningham [16] introduced a split of a graph. A split of a graph G is a partition pA,Bq of V pGq

such that |A| ě 2, |B| ě 2, and NpAq is complete to NpBq. We say that a split pA,Bq of G is complete

if NpAqYNpBq is a clique. The following two lemmas observe obstructions from the view of a complete

split of a graph.

Lemma 5.1. Let pA,Bq be a complete split of a graph G. If G has a hole H, then V pHq X A “ H or

V pHq XB “ H.

Proof. Suppose not. Since NpAq Y NpBq is a clique, H has at most two vertices in NpAq Y NpBq,

because otherwise H has K3 as a subgraph. Since both V pHq X A and V pHq X B are non-empty, and

H is connected, H has at least two vertices in NpAq YNpBq. Therefore, H has exactly two vertices x1

and x2 in NpAq YNpBq, a contradiction, because Hzx1x2 is disconnected.

Lemma 5.2. Let pA,Bq be a complete split of a graph G. If G has an obstruction H having exactly two

vertices a1 and a2 in A, then a1 is adjacent to a2, one of a1 and a2 has degree 1 in H, and the other

vertex has degree 3 in H.

Proof. Suppose that both a1 and a2 have neighbors in B. Since NpAq YNpBq is a clique, a1 and a2 are

adjacent, and have the same set of neighbors in B. Then a1 and a2 are true twins in H, a contradiction

by (O1). Therefore, either a1 or a2, say a1, has no neighbors in B. Since H is connected, a1 is adjacent

to a2. Thus, a1 has degree 1 in H. By (O3), a2 has at most three neighbors in H. By (O6), a2 has at

least three neighbors in H. Therefore, a2 has degree 3 in H.

We remark that for a complete split pA,Bq of a graph G, if G has an obstruction H having exactly

two vertices in A, then H is isomorphic to the bull.

Now, we define a blocking pair for a set X Ď V pGq. A blocking pair for X is an unordered pair

tv, wu of distinct vertices in NpXq such that if v and w are adjacent, and Npvq XX “ Npwq XX, then

Npvq XX is not a clique. Note that if v, w P NpXq are not adjacent, or Npvq XX ‰ Npwq XX, then

tv, wu is a blocking pair for X. We say that X is blocked by tv, wu if tv, wu is a blocking pair for X. We
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remark that if NpXq has a blocking pair tv, wu for some subset of X, then X is blocked by tv, wu as

well. This definition is motivated by the following lemma.

Lemma 5.3. Let pA,Bq be a partition of the vertex set of a graph G such that |A| ě 2 and |B| ě 2.

Then pA,Bq is a complete split of G if and only if NpBq is a clique, and B has no blocking pairs for A.

Proof. It is clear that if pA,Bq is a complete split of G, then NpBq is a clique, and B has no blocking

pairs for A.

Conversely, suppose that NpBq is a clique, and B has no blocking pairs for A. We may assume that

|NpAq| ě 2, because otherwise NpAqYNpBq is a clique, and pA,Bq is a complete split of G. Since B has

no blocking pairs for A, NpAq is a clique, because if NpAq has a non-edge vw, then tv, wu is a blocking

pair for A. Moreover, NpvqXA “ NpwqXA for all vertices v and w in NpAq, because otherwise tv, wu is

a blocking pair for A. This means that NpAq is complete to NpBq. Therefore, NpAqYNpBq is a clique,

and pA,Bq is a complete split of G.

The following lemma shows that a blocking pair tv, wu for a set X Ď V pGq tells us not only that

pX,V pGqzXq is not a complete split of G, but also that G is not a 3-leaf power if GrXs has two distinct

components whose vertex sets are blocked by tv, wu.

Lemma 5.4. Let pA,Bq be a partition of the vertex set of a graph G such that |A| ě 2 and |B| ě 2.

If GrAs has distinct components C1 and C2 such that both V pC1q and V pC2q are blocked by tv, wu of

vertices in B, then GrV pC1q Y V pC2q Y tv, wus is not a 3-leaf power.

Proof. If NGpvq X V pC1q ‰ NGpwq X V pC1q, then we may assume that C1 has a vertex u1 adjacent to

v and non-adjacent to w, because otherwise we can swap v and w. Let u2 be a neighbor of v in V pC2q,

and P be an induced path in GrV pC1q Y V pC2q Y twus from u1 to u2. Note that the length of P is at

least 3, because P must intersect w that is non-adjacent to u1. Since v is adjacent to both ends of P ,

GrV pP q Y tvus is not distance-hereditary by Lemma 2.7. Therefore, GrV pC1q Y V pC2q Y tv, wus is not a

3-leaf power.

Therefore, NGpvq X V pCiq “ NGpwq X V pCiq for i “ 1, 2. If v and w are non-adjacent, then for a

neighbor u1 of v in V pC1q and a neighbor u2 of v in V pC2q, Grtv, w, u1, u2us is a hole. Therefore, we may

assume that v and w are adjacent. Then since tv, wu is a blocking pair for V pC1q, NGpvq X V pC1q has a

non-edge u1u2. Let P be an induced path in C1 from u1 to u2. Since v is adjacent to both ends of P , we

may assume that the length of P is exactly 2 by Lemma 2.7. Let u3 be a common neighbor of u1 and u2

in V pP q, and u4 be a neighbor of v in V pC2q. Then Grtv, u1, u2, u3, u4us is isomorphic to the dart if u3 is

adjacent to v, and has a hole of length 4 if u3 is non-adjacent to v. Therefore, GrV pC1qYV pC2qYtv, wus

is not a 3-leaf power.

5.2 The number of non-trivial components

Let S` be the set of vertices v in S such that for each component C of GzS, NGpvqXV pCq is a true

twin-set in C, and S´ :“ SzS`. The following proposition shows that GzS has at most |S´| components

having neighbors of S´.

Proposition 5.5. Let S be a good modulator of a graph G, v be a vertex in S, and C be a component

of GzS. If NGpvq X V pCq contains distinct vertices w1 and w2 that are not true twins in C, then no

components of GzS different from C have neighbors of v.
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Proof. Suppose that there is a component of GzS different from C having a neighbor w of v. If w1 and

w2 are adjacent, then we may assume that C has a vertex w3 adjacent to exactly one of w1 and w2,

because w1 and w2 are not true twins in C. Then Grtv, w,w1, w2, w3us is isomorphic to the dart if w3 is

adjacent to v, and the bull if w3 is non-adjacent to v, a contradiction, because it has exactly one vertex

v in S, which is a good modulator of G.

Therefore, w1 and w2 are non-adjacent. Let P be an induced path in C from w1 to w2. Since v is

adjacent to both ends of P , and S is a good modulator of G, we may assume that the length of P is

exactly 2 by Lemma 2.7. Let w3 be a common neighbor of w1 and w2 in V pP q. Then Grtv, w,w1, w2, w3us

is isomorphic to the dart if w3 is adjacent to v, and has a hole of length 4 if w3 is non-adjacent to v, a

contradiction, because it has exactly one vertex v in S.

We present a reduction rule to bound the number of non-trivial components of GzS having no

neighbors of S´. We will use the following definition to design such a reduction rule.

Let X be a set of vertices of a graph Q. For a non-negative integer ℓ, a set M Ď EpQq is an

pX, ℓq-matching of Q if every vertex in X is incident with at most ℓ edges in M , and every vertex in

V pQqzX is incident with at most one edge in M .

Reduction Rule 2 (R2). Given an instance pG, kq with k ą 0 and a non-empty good modulator S of

G, let S` be the set of vertices u in S such that for each component C of GzS, NGpuq X V pCq is a true

twin-set in C, X be the set of 2-element subsets of S`, and Y be the set of non-trivial components of

GzS having no neighbors of SzS`. Let Q be a bipartite graph on pXˆt1, 2, 3u , Y q such that the following

three statements are true.

(1) Elements ptv, wu , 1q P Xˆt1u and C P Y are adjacent in Q if and only if V pCq is blocked by tv, wu.

(2) Elements ptv, wu , 2q P X ˆ t2u and C P Y are adjacent in Q if and only if C has a vertex adjacent

to both v and w.

(3) Elements ptv, wu , 3q P X ˆ t3u and C P Y are adjacent in Q if and only if C has an edge xy such

that x is adjacent to both v and w, and y is non-adjacent to both v and w.

If Q has a maximal pXˆt1, 2, 3u , k`2q-matching M avoiding some element U in Y , then replace pG, kq

with pGzEpUq, kq.

Proof of Safeness. Let G1 :“ GzEpUq. We need to show that pG, kq is a yes-instance if and only if pG1, kq

is a yes-instance.

Suppose that G has a modulator S1 of size at most k, and G1zS1 has an obstruction H. Since GzS1

is a 3-leaf power, H has vertices b1 and b2 such that b1b2 P EpUzS1q. Thus, |V pUqzS1| ě 2.

Claim 1. We claim that pV pUqzS1, V pGqzpV pUq Y S1qq is a split of G1zS1.

We first show that |V pGqzpV pUq Y S1q| ě 2. If H is a hole of length 4, then H has at most two

vertices of UzS1, because no holes of length 4 have independent sets of size at least 3, and V pUqzS1 is an

independent set of G1zS1. Therefore, H has at least two vertices of GzpV pUq Y S1q.

If H is not a hole of length 4, then |V pHq| ě 5. By (O2), H has at most three vertices of UzS1,

because V pUqzS1 is an independent set of G1zS1. Therefore, H has at least two vertices of GzpV pUqYS1q,

and |V pGqzpV pUq Y S1q| ě 2.

Now, suppose that pV pUqzS1, V pGqzpV pUq Y S1qq is not a split of G1zS1. Then GzpV pUq Y S1q

has vertices v and w such that both v and w have neighbors in V pUqzS1, and NGpvq X pV pUqzS1q ‰
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NGpwq X pV pUqzS1q. Thus, tv, wu is a blocking pair for V pUqzS1, so for V pUq. Then U is adjacent to

ptv, wu , 1q in Q. Since M is maximal, Y has distinct elements C1, . . . , Ck`2 different from U such that

V pCiq is blocked by tv, wu for each i P t1, . . . , k ` 2u. Since |S1| ď k, two of them, say C1 and C2, have

no vertices in S1. Then GrV pC1q Y V pC2q Y tv, wus is not a 3-leaf power by Lemma 5.4, a contradiction,

because it is an induced subgraph of GzS1, and this proves the claim.

Since V pUqzS1 is an independent set of G1zS1, and H is connected, both b1 and b2 have neighbors in

V pGqzpV pUq Y S1q. Then by Claim 1, b1 and b2 are false twins in G1zS1. By (O5), both b1 and b2 have

degree 2 in H. Let z1 and z2 be the neighbors of b1 in V pHq X S. Then U is adjacent to ptz1, z2u , 2q in

Q. Since M is maximal, Y has distinct elements C 1
1, . . . , C

1
k`2 different from U such that C 1

i has a vertex

adjacent to both z1 and z2 for each i P t1, . . . , k ` 2u. Since |S1| ď k, two of them, say C 1
1 and C 1

2, have

no vertices in S1. Note that S1 has no vertices of H, because H is an induced subgraph of G1zS1.

If z1 and z2 are non-adjacent, then GrV pC 1
1qYV pC

1
2qYtz1, z2us has a hole of length 4, a contradiction,

because it is an induced subgraph of GzS1. Therefore, z1 and z2 are adjacent. Since Grtb1, z1, z2us is

isomorphic to K3, H is not a hole, and therefore |V pHq| “ 5. Let a be a vertex of H different from

b1, b2, z1, and z2. We may assume that a is not in V pC 1
1q, because otherwise we may swap C 1

1 and C 1
2.

Let c be a vertex of C 1
1 adjacent to both z1 and z2. Note that Grtb1, b2, z1, z2us is isomorphic to K4zb1b2.

Since the dart and a hole of length 4 are the only obstructions having false twins, H is isomorphic

to the dart. Thus, we may assume that NHpaq “ tz1u. Then Grta, b1, c, z1, z2us is isomorphic to the

gem if c is adjacent to a, and the dart if c is non-adjacent to a, a contradiction, because it is an induced

subgraph of GzS1. Therefore, if pG, kq is a yes-instance, then so is pG1, kq.

Conversely, suppose that G1 has a modulator S1 of size at most k, and GzS1 has an obstruction H.

Since G1zS1 is a 3-leaf power, H has an edge of UzS1. Thus, |V pUqzS1| ě 2. Since S is a good modulator of

G, H has at least two vertices in SzS1. Then |V pGqzpV pUqYS1q| ě 2, because SzS1 Ď V pGqzpV pUqYS1q.

Claim 2. We claim that pV pUqzS1, V pGqzpV pUq Y S1qq is a complete split of GzS1.

Suppose not. We first show that V pGqzpV pUq Y S1q has a blocking pair for V pUqzS1. Since U is a

component of GzS, and has no neighbors of SzS`, it suffices to show that S`zS1 has a blocking pair for

V pUqzS1. We may assume that for all vertices v and w in S`zS1 having neighbors in V pUqzS1, v and

w are adjacent, and have the same set of neighbors in V pUqzS1, because otherwise tv, wu is a blocking

pair for V pUqzS1. For each vertex v in S`zS1 having neighbors in V pUqzS1, the set of neighbors of v in

V pUqzS1 is a true twin-set in UzS1, that is, a clique. Therefore, NGpS`zS1q X pV pUqzS1q is a clique of

UzS1. Thus, by Lemma 5.3, S`zS1 has a blocking pair tv, wu for V pUqzS1, so for V pUq.

Since V pUq is blocked by tv, wu, U is adjacent to ptv, wu , 1q in Q. Since M is maximal, Y has distinct

elements C1, . . . , Ck`2 different from U such that V pCiq is blocked by tv, wu for each i P t1, . . . , k ` 2u.

Since |S1| ď k, two of them, say C1 and C2, have no vertices in S1. Then GrV pC1q Y V pC2q Y tv, wus is

not a 3-leaf power by Lemma 5.4, a contradiction, because it is an induced subgraph of G1zS1, and this

proves the claim.

Since both UzS1 and GzpV pUqYS1q have vertices of H, H is not a hole by Lemma 5.1 and Claim 2,

and therefore |V pHq| “ 5. Let t1, . . . , tp be the vertices of H in V pUqzS1, and s1, . . . , sq be the vertices

of H in V pGqzpV pUq Y S1q. Note that both p and q are at least 2. Since |V pHq| “ 5, pp, qq “ p3, 2q or

pp, qq “ p2, 3q.

If pp, qq “ p3, 2q, then we may assume that NHps1q “ ts2u and NHps2q “ ts1, t1, t2u by Lemma 5.2
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and Claim 2. Since U has no neighbors of SzS`, s2 is in S`. Thus, t1 and t2 are true twins in UzS1, a

contradiction by (O1).

Therefore, pp, qq “ p2, 3q. By Lemma 5.2 and Claim 2, we may assume that NHpt1q “ tt2u and

NHpt2q “ tt1, s1, s2u. Note that s1 and s2 are in SzS1. Then U is adjacent to pts1, s2u , 3q in Q. Since M

is maximal, Y has distinct elements C2
1 , . . . , C

2
k`2 different from U such that C2

i has an edge xiyi such

that xi is adjacent to both s1 and s2, and yi is non-adjacent to both s1 and s2 for each i P t1, . . . , k ` 2u.

Since |S1| ď k, two of them, say C2
1 and C2

2 , have no vertices in S1. We may assume that s3 is not in

V pC2
1 q, because otherwise we may swap C2

1 and C2
2 . We remark that the bull is the only possible graph

to which H is isomorphic. Thus, s1 and s2 are adjacent, and s3 is adjacent to exactly one of s1 and s2 in

H. Then Grtx1, y1, s1, s2, s3us is isomorphic to the gem if both x1 and y1 are adjacent to s3, the bull if

both x1 and y1 are non-adjacent to s3, and the dart if x1 is adjacent to s3 and y1 is non-adjacent to s3,

and has a hole of length 4 if x1 is non-adjacent to s3 and y1 is adjacent to s3, a contradiction, because

it is an induced subgraph of G1zS1. Therefore, if pG1, kq is a yes-instance, then so is pG, kq.

Proposition 5.6. Given an instance pG, kq with k ą 0 and a non-empty good modulator S of G, if (R2)

is not applicable to pG, kq, then GzS has at most 2pk ` 2q|S|2 non-trivial components.

Proof. Let S` be the set of vertices u in S such that for each component C of GzS, NGpuq X V pCq is a

true twin-set in C, and S´ :“ SzS`. By Proposition 5.5, each vertex in S´ is adjacent to at most one

component of GzS. Therefore, GzS has at most |S´| non-trivial components having neighbors of S´.

Let Q and M be defined as in (R2). Since (R2) is not applicable to pG, kq, each non-trivial component

of GzS having no neighbors of S´ is incident with exactly one edge in M . Since each edge in M is incident

with some element in Xˆt1, 2, 3u, and each element in Xˆt1, 2, 3u is incident with at most k`2 edges,

|M | ď pk`2q ¨ |Xˆt1, 2, 3u| ď pk`2q ¨3
`

|S`|
2

˘

ď 3pk`2q|S|2{2. Then |S´|` |M | ď |S|`3pk`2q|S|2{2 ď

pk ` 2q|S|2{2 ` 3pk ` 2q|S|2{2 “ 2pk ` 2q|S|2, and therefore GzS has at most 2pk ` 2q|S|2 non-trivial

components.

5.3 The number of isolated vertices

We present a reduction rule to bound the number of isolated vertices of GzS.

Reduction Rule 3 (R3). Given an instance pG, kq with k ą 0 and a non-empty good modulator S of

G, let A be the set of ordered pairs pA1, A2q of disjoint subsets of S such that 2 ď |A1| ` |A2| ď 4, and

X be the set of isolated vertices of GzS. For each element pA1, A2q in A, let XA1,A2
be a maximal set

of vertices v in X such that NGpvq X pA1 YA2q “ A1 and |XA1,A2
| ď k ` 3. If X has a vertex u not in

Ť

pA1,A2qPAXA1,A2
, then replace pG, kq with pGzu, kq.

Proof of Safeness. We need to show that if pGzu, kq is a yes-instance, then so is pG, kq. Suppose that

Gzu has a modulator S1 of size at most k, and GzS1 has an obstruction H. Then u P V pHq, because

GzpS1 Y tuuq is a 3-leaf power.

If H is a hole, then u has exactly two neighbors v1 and v2 in V pHqXS such that v1 is non-adjacent

to v2. By the construction of Xtv1,v2u,H, Xtv1,v2u,H contains distinct vertices u1, . . . , uk`3 different from

u. Note that H has at most one of u1, . . . , uk`3, because v1 and v2 have at most two common neighbors

in V pHq including u. Then since |S1| ď k, two of them, say u1 and u2, are not in S1 Y V pHq. Thus,

Grtv1, v2, u1, u2us is a hole, a contradiction, because it is an induced subgraph of GzpS1 Y tuuq.
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Suppose that H is isomorphic to the bull, the dart, or the gem. Then 2 ď |SXV pHq| ď 4, because H

has exactly five vertices including u, and S is a good modulator of G. Let B1 :“ pSXV pHqqXNGpuq, and

B2 :“ pSXV pHqqzNGpuq. By the construction of XB1,B2
, XB1,B2

contains distinct vertices u1, . . . , uk`3

different from u. Since |V pHq| “ 5 and 2 ď |SXV pHq| ď 4, H has at most three vertices in X including

u. Thus, H has at most two of u1, . . . , uk`3. Then since |S1| ď k, one of them, say u1, is not in S1YV pHq.

Thus, GrpV pHqz tuuq Y tu1us is isomorphic to H, a contradiction, because it is an induced subgraph of

GzpS1 Y tuuq.

Proposition 5.7. Given an instance pG, kq with k ą 0 and a non-empty good modulator S of G, if (R3)

is not applicable to pG, kq, then GzS has at most 2pk ` 3q|S|4{3 isolated vertices.

Proof. Let A, X, and XA1,A2
be defined as in (R3). If |S| ď 1, then

Ť

pA1,A2qPAXA1,A2
is empty, and

therefore X is empty. Thus, we may assume that |S| ě 2. Let s :“ |S|. For each m-element subset T of

S with 2 ď m ď 4, A contains exactly 2m elements pA1, A2q such that T “ A1 Y A2. Therefore, |A| is

at most

24 ¨

ˆ

s

4

˙

` 23 ¨

ˆ

s

3

˙

` 22 ¨

ˆ

s

2

˙

ď
2

3
ps´ 1q4 `

4

3
ps´ 1q3 ` 2sps´ 1q

“
2

3
ps´ 1q2pps´ 1q2 ` 2ps´ 1qq ` 2sps´ 1q

ď
2

3
ps´ 1q2s2 ` 2sps´ 1q

“ 2sps´ 1qps2 ´ s` 3q{3

ď 2sps´ 1qps2 ` sq{3 “ 2s2ps2 ´ 1q{3 ď 2s4{3.

For each element pA1, A2q in A, |XA1,A2
| ď k` 3. Therefore, |

Ť

pA1,A2qPAXA1,A2
| ď 2pk` 3q|S|4{3.

Since (R3) is not applicable to pG, kq, every isolated vertex of GzS is in
Ť

pA1,A2qPAXA1,A2
. Therefore,

GzS has at most 2pk ` 3q|S|4{3 isolated vertices.
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Chapter 6. Bounding the size of components outside of a good

modulator

Let S be a good modulator of a graph G. In this chapter, we bound the size of each component of

GzS. Section 6.1 is about complete components of GzS, and Section 6.2 is about incomplete components

of GzS.

6.1 The size of each complete component

We present a reduction rule to bound the size of each complete component of GzS.

Reduction Rule 4 (R4). Given an instance pG, kq with k ą 0 and a non-empty good modulator S of

G, let A be the set of ordered pairs pA1, A2q of disjoint subsets of S such that 2 ď |A1| ` |A2| ď 4, and

C be a complete component of GzS. For each element pA1, A2q in A, let XA1,A2
be a maximal set of

vertices v of C such that NGpvq X pA1 Y A2q “ A1 and |XA1,A2
| ď k ` 3. If C has a vertex u not in

Ť

pA1,A2qPAXA1,A2
, then replace pG, kq with pGzu, kq.

Proof of Safeness. We need to show that if pGzu, kq is a yes-instance, then so is pG, kq. Suppose that

Gzu has a modulator S1 of size at most k, and GzS1 has an obstruction H. Then u P V pHq, because

GzpS1 Y tuuq is a 3-leaf power.

Suppose that H is a small obstruction. Since H has at most five vertices including u, and S is a good

modulator of G, 2 ď |S X V pHq| ď 4. Let B1 :“ pS X V pHqq XNGpuq, and B2 :“ pS X V pHqqzNGpuq.

By the construction of XB1,B2
, XB1,B2

contains distinct vertices u1, . . . , uk`3 different from u. Since

|V pHq| ď 5 and 2 ď |S X V pHq| ď 4, H has at most three vertices of C including u. Thus, H

has at most two of u1, . . . , uk`3. Then since |S1| ď k, one of them, say u1, is not in S1 Y V pHq.

Thus, GrpV pHqz tuuq Y tu1us is isomorphic to H, a contradiction, because it is an induced subgraph of

GzpS1 Y tuuq.

Therefore, H is a hole of length at least 6. Note that H has at most two vertices of C, because

C is complete. Suppose that H has exactly one vertex u of C. In this case, u is adjacent to distinct

vertices v1 and v2 in V pHq X S. Then Hzu is an induced path of length at least 4 from v1 to v2. By

the construction of Xtv1,v2u,H, Xtv1,v2u,H contains distinct vertices u1, . . . , uk`3 different from u. Since

|S1| ď k, one of them, say u1, is not in S1. Then GrpV pHqz tuuq Y tu1us is not distance-hereditary by

Lemma 2.7, a contradiction, because it is an induced subgraph of GzpS1 Y tuuq.

Therefore, H has exactly two vertices u and u1 of C. In this case, u is adjacent to a vertex v1 in

V pHqXS, and u1 is adjacent to another vertex v2 in V pHqXS. Note that u1 is non-adjacent to v1. Then

Hzu is an induced path of length at least 4 from v1 to u1. By the construction of Xtv1u,tv2u, Xtv1u,tv2u

contains distinct vertices u1, . . . , uk`3 different from u. Since |S1| ď k, one of them, say u1, is not in S1.

Then GrpV pHqz tuuq Y tu1us is not distance-hereditary by Lemma 2.7, a contradiction, because it is an

induced subgraph of GzpS1 Y tuuq. Therefore, if pGzu, kq is a yes-instance, then so is pG, kq.

Proposition 6.1. Given an instance pG, kq with k ą 0 and a non-empty good modulator S of G, if (R4)

is not applicable to pG, kq, then every complete component of GzS has at most 2pk ` 3q|S|4{3 vertices.
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Proof. Let A, C, and XA1,A2
be defined as in (R4). Since (R4) is not applicable to pG, kq, every

vertex of C is in
Ť

pA1,A2qPAXA1,A2
. If |S| ď 1, then

Ť

pA1,A2qPAXA1,A2
is empty, contradicting the

assumption that every vertex of C is in
Ť

pA1,A2qPAXA1,A2
. Thus, |S| ě 2. For each m-element subset

T of S with 2 ď m ď 4, A contains exactly 2m elements pA1, A2q such that T “ A1 Y A2. Therefore,

|A| ď 24 ¨
`

|S|
4

˘

` 23 ¨
`

|S|
3

˘

` 22 ¨
`

|S|
2

˘

ď 2|S|4{3, as in the proof of Proposition 5.7. For each element

pA1, A2q in A, |XA1,A2
| ď k ` 3. Therefore, |

Ť

pA1,A2qPAXA1,A2
| ď 2pk ` 3q|S|4{3, and C has at most

2pk ` 3q|S|4{3 vertices.

6.2 The size of each incomplete component

We present a reduction rule to bound the size of each true twin-set in G.

Reduction Rule 5 (R5). Given an instance pG, kq with k ą 0, if G has a true twin-set X such that

v P X and |X| ě k ` 2, then replace pG, kq with pGzv, kq.

Proof of Safeness. We need to show that if pGzv, kq is a yes-instance, then so is pG, kq. Suppose that

Gzv has a modulator S of size at most k, and GzS has an obstruction H. Then v P V pHq, because

GzpS Y tvuq is a 3-leaf power. By (O1), V pHq X X “ tvu. Since |S| ď k, X contains a vertex w not

in S Y tvu. Then GrpV pHqz tvuq Y twus is isomorphic to H, a contradiction, because it is an induced

subgraph of GzpS Y tvuq.

We present a reduction rule to remove some bags of GzS anti-complete to S.

Reduction Rule 6 (R6). Given an instance pG, kq with k ą 0 and a non-empty good modulator S of

G, let B be a non-empty true twin-set in GzS. If GzpS YBq has a component D having no neighbors of

S such that V pDqzNGpBq is non-empty, then replace pG, kq with pGzpV pDqzNGpBqq, kq.

Proof of Safeness. Let G1 :“ GzpV pDqzNGpBqq. We need to show that if pG1, kq is a yes-instance, then

so is pG, kq. Suppose that G1 has a modulator S1 of size at most k, and GzS1 has an obstruction H.

Since G1zS1 is a 3-leaf power, H has at least one vertex of DzNGpBq. Since H is connected, and D

has no neighbors of S, H has at least one vertex in V pDq XNGpBq. Thus, H has at least two vertices

of D. Since V pHq X S ‰ H, V pHq X B is a clique cut-set of H and therefore H is not a hole. Thus,

|V pHq| “ 5. Since S is a good modulator of G, |V pHqXS| “ 2, |V pHqXB| “ 1, and |V pHqXV pDq| “ 2,

contradicting by (O4).

We present two reduction rules to reduce the number of bags of GzS.

Reduction Rule 7 (R7). Given an instance pG, kq with k ą 0 and a non-empty good modulator S

of G, let B be a non-empty true twin-set in GzS. If GzpS Y Bq has distinct components D1, . . . , Dk`4

such that NGpV pD1qq “ ¨ ¨ ¨ “ NGpV pDk`4qq, and either V pD1q Y ¨ ¨ ¨ Y V pDk`4q Ď NGpBq, or H ‰

V pDiq XNGpBq ‰ V pDiq for each i P t1, . . . , k ` 4u, then replace pG, kq with pGzV pD1q, kq.

To show that (R7) is safe, we will use the following two lemmas. Lemma 6.2 will be useful because

it implies that for a good modulator S of G, a subset B of V pGqzS is a true twin-set in GzS if and only

if it is a true twin-set in G.

Lemma 6.2. Let G be a 3-leaf power having a vertex v such that Gzv is connected and incomplete. Then

vertices t1 and t2 in V pGqz tvu are true twins in G if and only if t1 and t2 are true twins in Gzv.
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Proof. It is clear that if t1 and t2 are true twins in G, then so are in Gzv.

Conversely, suppose that t1 and t2 are true twins in Gzv, and v is adjacent to t1, and non-adjacent

to t2. Note that |NGpt2q| ě 2, because otherwise Gzv is isomorphic to K2.

If NGpt2q is a clique, then Gzv has at least one vertex not in NGpt2q, because otherwise Gzv is

complete. Thus, G has an edge xy such that x is adjacent to both t1 and t2, and y is non-adjacent to

both t1 and t2, because Gzv is connected. Then Grtv, x, y, t1, t2us is isomorphic to the gem if both x and

y are adjacent to v, the bull if both x and y are non-adjacent to v, and the dart if x is adjacent to v

and y is non-adjacent to v, and has a hole of length 4 if x is non-adjacent to v and y is adjacent to v, a

contradiction, because it is an induced subgraph of G.

Therefore, t2 has distinct neighbors x and y such that x is non-adjacent to y. Then Grtv, x, y, t1, t2us

has a hole of length 4 if both x and y are adjacent to v, and is isomorphic to the gem if exactly one of x

and y is adjacent to v, and the dart if both x and y are non-adjacent to v, a contradiction, because it is

an induced subgraph of G.

Lemma 6.3. Let pA,Bq be a complete split of a graph G, and S be a non-empty good modulator of G.

If G has an obstruction H, and S Ď BzNpAq, then H has at most one vertex in A.

Proof. Suppose not. Since S is a good modulator of G, H has at least two vertices in S. Thus, H has

vertices in both A and B. Since pA,Bq is a complete split of G, H is not a hole by Lemma 5.1, and

therefore |V pHq| “ 5. Then |V pHqXNpAq| ď 5´ |V pHqXA|´ |V pHqXS| ď 5´ 2´ 2, a contradiction,

because no obstruction has a cut vertex partitioning its vertex set into two sets both having size 2.

Proof of Safeness for (R7). We need to show that if pGzV pD1q, kq is a yes-instance, then so is pG, kq.

Suppose that GzV pD1q has a modulator S1 of size at most k, and GzS1 has an obstruction H. Since

GzpV pD1q Y S1q is a 3-leaf power, H has at least one vertex of D1. Since S is a good modulator of G,

GzpSz tvuq is a 3-leaf power for each vertex v in S. Thus, if v has a neighbor in a true twin-set X in

GzS, then tvu is complete to X by Lemma 6.2. This means that every true twin-set in GzS is a true

twin-set in G as well.

We claim that for each i P t1, . . . , k ` 4u, V pDiq XNGpBq is a true twin-set in GzS. Suppose that

V pDiq X NGpBq contains two vertices x and y such that x is non-adjacent to y. Let P be an induced

path in Di from x to y. We may assume that P has length exactly 2 by Lemma 2.7. Let z be a

common neighbor of x and y in V pP q. We may assume that z P NGpBq, because otherwise V pP q with

a vertex in B induces a hole of length 4. Then for a vertex v in B, and v1 in V pDjq XNGpBq for some

j P t1, . . . , k ` 4u z tiu, Grtv, v1, x, y, zus is isomorphic to the dart, contradicting the assumption that S

is a modulator of G. Therefore, V pDiq X NGpBq is a clique. Now, suppose that GzS has a vertex w

adjacent to a vertex t1 P V pDiq X NGpBq and non-adjacent to a vertex t2 P V pDiq X NGpBq. Note

that w is a vertex of DizNGpBq. Then for a vertex v in B and a vertex v1 of V pDjq XNGpBq for some

j P t1, . . . , k ` 4u z tiu, Grtv, v1, w, t1, t2us is isomorphic to the bull, a contradiction, and this proves the

claim.

Suppose that V pD1q Y ¨ ¨ ¨ Y V pDk`4q Ď NGpBq. By (O1), for each i P t1, . . . , k ` 4u, Di has at

most one vertex of H. By (O2), at most three of D1, . . . , Dk`4 have vertices of H. Since |S1| ď k, one

of D2, . . . , Dk`4, say Dj , has no vertices in S1 Y V pHq. Let t be a vertex in Dj . Since NGpV pD1qq “

NGpV pDjqq, s and t have the same set of neighbors in V pHq. Then GrpV pHqz tsuq Y ttus is isomorphic

to H, a contradiction, because it is an induced subgraph of GzpV pD1q Y S1q.

Therefore, H ‰ V pDiq XNGpBq ‰ V pDiq for each i P t1, . . . , k ` 4u. We first show that DizNGpBq

has no neighbors of S. Suppose that DizNGpBq has a neighbor pi of some vertex v in S. Let j P
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t1, . . . , k ` 4u z tiu. Since NGpV pDiqq “ NGpV pDjqq, Dj has a neighbor pj of v. Since some vertex in

B has neighbors in both Di and Dj , GzS has a path P from pi to pj . Note that the length of P is

at least 3, because pi is not in NGpBq. Since v is adjacent to both ends of P , GrV pP q Y tvus is not

distance-hereditary by Lemma 2.7, a contradiction, because it is an induced subgraph of GzpSz tvuq, and

this proves the claim.

For each i P t1, . . . , k ` 4u, since V pDiqXNGpBq is a true twin-set in G, H has at most one vertex in

V pDiqXNGpBq by (O1). Let Di,1, . . . , Di,mpiq be the components of DizNGpBq for each i P t1, . . . , k ` 4u.

We claim that for each j P t1, . . . ,mpiqu, if |V pDi,jq| ě 2, then pV pDi,jq, V pGqzV pDi,jqq is a complete

split of G. Since V pDiq X NGpBq is a true twin-set, and DizNGpBq has no neighbors of S, it suffices

to show that NGpNGpBqq X V pDi,jq is a clique. Suppose that NGpNGpBqq X V pDi,jq contains vertices

x and y such that x and y are non-adjacent. Let P be an induced path in Di,j from x to y. We may

assume that P has length exactly 2 by Lemma 2.7. Let z be a common neighbor of x and y in V pP q.

We may assume that z P NGpNGpBqq, because otherwise P with a vertex v in NGpBqXV pDiq induces a

hole of length 4. Then for a vertex v1 in B, Grtv, v1, x, y, zus is isomorphic to the dart, a contradiction,

and this proves the claim.

Therefore, each component of DizNGpBq has at most one vertex of H by Lemma 6.3. Each V pDiqX

NGpBq has at most one vertex of H, because V pDiq X NGpBq is a true twin-set. Therefore, at most

one component of DizNGpBq has a vertex of H, because H cannot have false twins of degree at most

1. By (O2), at most three of D1, . . . , Dk`4 have vertices of H. Since |S1| ď k, one of D2, . . . , Dk`4, say

Di, has no vertices in S1 Y V pHq. Note that H has a vertex s1 in V pD1q XNGpBq, because D1zNGpBq

has no neighbors of S, H is connected, and has vertices in both S and V pD1q. Let t1t2 be an edge of

Di such that t1 P V pDiq X NGpBq and t2 P V pDiqzNGpBq. Since NGpV pD1qq “ NGpV pDiqq, and both

V pD1q X NGpBq and V pDiq X NGpBq are true twin-sets, s1 and t1 have the same set of neighbors in

V pHqzV pD1q. If H has a vertex s2 in V pD1qzNGpBq, then V pD1q X V pHq “ ts1, s2u, because both

V pD1q XNGpBq and V pD1qzNGpBq have at most one vertex of H. Then GrpV pHqz ts1, s2uq Y tt1, t2us

is isomorphic to H, a contradiction, because it is an induced subgraph of GzpV pD1q Y S1q. Therefore,

H has no vertices in V pD1qzNGpBq. Then GrpV pHqz ts1uq Y tt1us is isomorphic to H, a contradiction,

because it is an induced subgraph of GzpV pD1q Y S1q.

Reduction Rule 8 (R8). Given an instance pG, kq with k ą 0 and a non-empty good modulator

S of G, let B1, . . . , Bm be pairwise disjoint non-empty true twin-sets in GzS for m ě 6 such that

NGpBiq “ Bi´1 Y Bi`1 for each i P t2, . . . ,m´ 1u. Let ℓ be an integer in t3, . . . ,m´ 2u such that

|Bℓ| ď |Bi| for each i P t3, . . . ,m´ 2u, and G1 be a graph obtained from GzppB3 Y ¨ ¨ ¨ Y Bm´2qzBℓq by

making every vertex in Bℓ adjacent to all vertices in B2 YBm´1. Then replace pG, kq with pG1, kq.

To show that (R8) is safe, we will use the following two lemmas.

Lemma 6.4. Let G be a graph with disjoint true twin-sets B1, . . . , Bm for m ě 5 such that NpBiq “

Bi´1 YBi`1 for each i P t2, . . . ,m´ 1u. Then G is a 3-leaf power if and only if GzpB3 Y ¨ ¨ ¨ YBm´2q is

a 3-leaf power, and has no paths from a vertex in B2 to a vertex in Bm´1.

Proof. It is clear that if G is a 3-leaf power, then GzpB3 Y ¨ ¨ ¨ Y Bm´2q is a 3-leaf power, and has no

paths from a vertex in B2 to a vertex in Bm´1, because otherwise G has a hole.

Conversely, suppose that GzpB3 Y ¨ ¨ ¨ YBm´2q is a 3-leaf power, and has no paths from a vertex in

B2 to a vertex in Bm´1, and G has an obstruction H. Since GzpB3 Y ¨ ¨ ¨ Y Bm´2q is a 3-leaf power, H

has at least one vertex in B3 Y ¨ ¨ ¨ YBm´2. For each i P t1, . . . ,mu, since Bi is a true twin-set in G, H
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has at most one vertex in Bi by (O1). Then every vertex of H in B2 Y ¨ ¨ ¨ Y Bm´1 has degree at most

2 in H. If H has a vertex v in Bj for some j P t3, . . . ,m´ 2u, then both Bj´1 and Bj`1 have vertices

of H by (O6). This means that Bi contains exactly one vertex of H for each i P t2, . . . ,m´ 1u. Then

H has vertices in each B1 and Bm as well by (O6). Thus, V pHq X pB2 Y ¨ ¨ ¨ Y Bm´1q contains at least

three vertices of degree 2 in H. Then H is a hole by (O7), a contradiction, because HzpB3Y¨ ¨ ¨YBm´2q

is a path in GzpB3 Y ¨ ¨ ¨ Y Bm´2q from a vertex in B2 to a vertex in Bm´1. Therefore, G is a 3-leaf

power.

Lemma 6.5. If a graph G has a modulator S and a true twin-set X such that XzS is non-empty, then

SzX is a modulator of G.

Proof. We may assume that S XX is non-empty. Suppose that GzpSzXq has an obstruction H. Since

GzS is a 3-leaf power, H has at least one vertex in S XX. Then H has exactly one vertex v in S XX

by (O1). Let w be a vertex in XzS. Then GrpV pHqz tvuq Y twus is isomorphic to H, a contradiction,

because it is an induced subgraph of GzS.

Proof of Safeness for (R8). First, let us show that if pG, kq is a yes-instance, then so is pG1, kq. Suppose

that G has a minimal modulator S1 of size at most k. Since S1 is minimal, S1 XBi “ H or S1 XBi “ Bi

for each i P t1, . . . ,mu by Lemma 6.5. We claim that if S1 X pB1 Y ¨ ¨ ¨ Y Bmq is empty, then S1 is a

modulator of G1. Since GzS1 is a 3-leaf power, GzpB3 Y ¨ ¨ ¨ Y Bm´2 Y S1q is a 3-leaf power, and has

no paths from a vertex in B2 to a vertex in Bm´1 by Lemma 6.4. Since GzpB3 Y ¨ ¨ ¨ Y Bm´2 Y S1q is

isomorphic to G1zpBℓ Y S1q, G1zS1 is a 3-leaf power by Lemma 6.4, and this proves the claim.

We claim that if S1 X pB1 YB2 YBm´1 YBmq is non-empty, then S1 X V pG1q is a modulator of G1.

Suppose that G1zpS1 X V pG1qq has an obstruction H. Since GzpB3 Y ¨ ¨ ¨ YBm´2 Y S1q is a 3-leaf power,

and is isomorphic to G1zpBℓYpS1XV pG1qqq, G1zpBℓYpS1XV pG1qqq is a 3-leaf power. Therefore, H has

at least one vertex in Bℓ. For each i P t1, 2, ℓ,m´ 1,mu, since Bi is a true twin-set in G1, H has at most

one vertex in Bi by (O1). Then every vertex of H in B2 YBℓ YBm´1 has degree at most 2 in H. Thus,

for each i P t1, 2, ℓ,m´ 1,mu, Bi contains exactly one vertex of H by (O6). Then S1 X V pG1q contains

at least one vertex of H, a contradiction, because H is an induced subgraph of G1zpS1XV pG1qq, and this

proves the claim.

Thus, we may assume that S1 X pB1 Y B2 Y Bm´1 Y Bmq is empty, and S1 X pB3 Y ¨ ¨ ¨ Y Bm´2q is

non-empty. Let T :“ pS1zpB3Y¨ ¨ ¨YBm´2qqYBℓ. Since GzpB3Y¨ ¨ ¨YBm´2YS1q is a 3-leaf power, and

is isomorphic to G1zT , G1zT is a 3-leaf power. Then Bi Ď S1 for some i P t3, . . . ,m´ 2u, and therefore

|T | “ |T zpB3 Y ¨ ¨ ¨ YBm´2q|` |Bℓ| ď |S1zpB3 Y ¨ ¨ ¨ YBm´2q|` |Bi| ď |S1| ď k. Therefore, if pG, kq is a

yes-instance, then so is pG1, kq.

Secondly, we will show that if pG1, kq is a yes-instance, then so is pG, kq. Suppose that G1 has a

minimal modulator S1 of size at most k. Since S1 is minimal, S1 X Bi “ H or S1 X Bi “ Bi for each

i P t1, 2, ℓ,m´ 1,mu by Lemma 6.5. We claim that S1 is a modulator of G.

Since G1zS1 is a 3-leaf power, if S1X pB1YB2YBm´1YBmq is empty, then G1zpBℓYS1q is a 3-leaf

power, and has no paths from a vertex in B2 to a vertex in Bm´1 by Lemma 6.4. Since G1zpBℓ Y S1q is

isomorphic to GzpB3 Y ¨ ¨ ¨ YBm´2 Y S1q, GzS1 is a 3-leaf power by Lemma 6.4.

Thus, we may assume that S1XpB1YB2YBm´1YBmq is non-empty, and GzS1 has an obstruction H.

Since G1zpBℓYS1q is a 3-leaf power, and is isomorphic to GzpB3Y¨ ¨ ¨YBm´2YS1q, GzpB3Y¨ ¨ ¨YBm´2YS1q

is a 3-leaf power. Therefore, H has at least one vertex in B3 Y ¨ ¨ ¨ Y Bm´2. For each i P t1, . . . ,mu,

since Bi is a true twin-set in G, H has at most one vertex in Bi by (O1). Then every vertex of H in
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B2 Y ¨ ¨ ¨ YBm´1 has degree at most 2 in H. If H has a vertex v in Bj for some j P t3, . . . ,m´ 2u, then

both Bj´1 and Bj`1 have vertices of H by (O6). This means that Bi contains exactly one vertex of H

for each i P t2, . . . ,m´ 1u by (O6), and both B1 and Bm have vertices of H as well by (O6). Thus, S1

contains at least one vertex of H, a contradiction, and this proves the claim. Therefore, if pG1, kq is a

yes-instance, then so is pG, kq.

Now, we are ready to prove that after applying some reduction rules exhaustively to pG, kq with a

good modulator S of G, each incomplete component of GzS has bounded size.

Proposition 6.6. Given an instance pG, kq with k ą 0 and a non-empty good modulator S of G, if none

of (R2), (R5), (R6), (R7), and (R8) is applicable to pG, kq, then each incomplete component of GzS has

at most pk ` 1qpk ` 4q|S|p|S|` 2k ` 14q vertices.

To prove Proposition 6.6, we will use the following lemma and its corollary.

Lemma 6.7. Let G be a 3-leaf power. If G has a vertex v of degree at least 1 such that Gzv is a tree,

then Gzv has a vertex u such that NGpvq “ tuu or NGpvq “ NGrusz tvu.

Proof. We may assume that v has at least two neighbors, and Gzv has at least three vertices, because

otherwise the statement clearly holds.

If v has exactly two neighbors u1 and u2, then u1 and u2 are adjacent, because otherwise G has

a hole. Since Gzv has at least three vertices, one of u1 and u2, say u2, is not a leaf of Gzv. If u1 is

not a leaf of Gzv, then for a neighbor u1
1 of u1 different from u2 and a neighbor u1

2 of u2 different from

u1, Grtv, u1, u1
1, u2, u

1
2us is isomorphic to the bull, a contradiction. Therefore, u1 is a leaf of Gzv, and

NGpvq “ NGru1sz tvu.

If v has at least three neighbors, then GrNGpvqs is connected, because otherwise G has a hole. If v

has distinct neighbors u1, u2, u3, and u4 inducing a path, then Grtv, u1, u2, u3, u4us is isomorphic to the

gem, a contradiction. Therefore, Gzv has a vertex u such that NGpvq Ď NGpuq. If u has a neighbor u1

that is non-adjacent to v, then for distinct neighbors u2 and u3 of v different from u, Grtv, u, u1, u2, u3us

is isomorphic to the dart, a contradiction. Therefore, every neighbor of u different from v is adjacent to

v, and NGpvq “ NGrusz tvu.

Corollary 6.8. Let G be a 3-leaf power. If G has a vertex v of degree at least 1 such that Gzv is

connected, then Gzv has a true twin-set B such that NGpvq “ B or NGpvq “ NGrBsz tvu.

Proof. We may assume that Gzv is incomplete. Then every true twin-set in Gzv is also a true twin-set

in G by Lemma 6.2. We proceed by induction on |G|. Suppose that Gzv has true twins u and u1.

Since u and u1 are true twins, Gz tv, uu is connected, and v has a neighbor in V pGqz tuu. Then by

applying the induction hypothesis, Gz tu, vu has a true twin-set B1 such that NGpvqz tuu is equal to B1

or NGrB1sz tu, vu. Let

B “

$

&

%

B1 Y tuu if u1 P B1,

B1 otherwise.

Since u and u1 are true twins in Gzv, B is a true twin-set of Gzv. It is easy to see that if NGpvqz tuu “

B1, then NGpvq “ B, because u and u1 are true twins in G. If NGpvq tuu “ NGrB1sz tu, vu, then

NGrB1sz tvu “ NGrBsz tvu by the same reason.

Thus, we may assume that Gzv has no true twins. By Theorem 2.4, since Gzv is connected, Gzv is

a tree. Then by Lemma 6.7, the statement holds.
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Proof of Proposition 6.6. Let C be an incomplete component of GzS with a tree-clique decomposition

pF, tBu : u P V pF quq. Since S is a good modulator of G, GrV pCq Y tvus is a 3-leaf power for each vertex

v in S. Thus, if S has a vertex w having a neighbor in a bag B of C, then twu is complete to B by

Lemma 6.2. This means that every bag of C is a true twin-set in G. Since (R5) is not applicable to

pG, kq, each bag of C contains at most k ` 1 vertices. Therefore, in the remaining of this proof, we are

going to bound the number of bags of C.

Claim 1. We claim that the maximum degree of F is at most |S|` 2k ` 6.

Suppose that F has a node u of degree at least |S|` 2k` 7 in F . For each vertex w in S, if at least

two components of CzBu have neighbors of w, then all components of CzBu have neighbors of w by

Corollary 6.8. Thus, for each vertex w in S, we can choose a component of CzBu such that either all other

components of CzBu have neighbors of w, or no other components of CzBu have neighbors of w. Since

CzBu has at least |S|`2k`7 components, CzBu has distinct componentsD1, . . . , D2k`7 such that for each

vertex w in S, either all or none of them have neighbors of w. Thus, NGpV pD1qq “ ¨ ¨ ¨ “ NGpV pD2k`7qq.

By the pigeonhole principle, V pDiq Ď NGpBuq or H ‰ V pDiq XNGpBuq ‰ V pDiq is satisfied by at least

k` 4 values of i, contradicting the assumption that (R7) is not applicable to pG, kq, and this proves the

claim.

Let X be the set of leaves of F whose bags are anti-complete to S.

Claim 2. We claim that if u is a node of F zX having degree at most 1 in F zX, then Bu contains a

neighbor of S.

If NF puq Ď X, then Bu contains a neighbor of S, because otherwise C has no neighbors of S, and

(R2) is applicable to pG, kq. If NF puqzX is non-empty, then NF puqzX contains exactly one node u1,

because u has degree at most 1 in F zX. If Bu contains no neighbors of S, then (R6) is applicable to

pG, kq by taking Bu1
as B. Therefore, Bu contains a neighbor of S, and this proves the claim.

For each vertex v in S, let Xv be the set of nodes of F zX whose bags contain neighbors of v, S1

be the set of vertices v in S such that Xv contains some leaf of F zX, and S2 :“ SzS1. Let F 1 be a

tree obtained from F zX by contracting all edges in F rXvs for each vertex v in S. Note that F 1 has at

most |S1| leaves, and therefore it has at most maxp|S1| ´ 2, 0q branching nodes. Let Y be the set of

nodes of F 1 which come form Xv for some vertex v P S, and Z be the set of branching nodes of F 1.

Then |Y Y Z| ď |Y | ` |Z| ď |S| `maxp|S1| ´ 2, 0q ď 2|S|. Since (R8) is not applicable to pG, kq, each

component of F 1zpY YZq has at most three nodes. Therefore, |V pF 1zpY YZqq| ď 6|S|. Then |V pF zXq|

is at most

|Y |p|S|` 2k ` 7q ` |Z|` |V pF 1zpY Y Zqq| ď |S|p|S|` 2k ` 7q ` |S|` 6|S|

“ |S|p|S|` 2k ` 14q.

Since (R7) is not applicable to pG, kq, each node of F zX is adjacent to at most k ` 3 nodes in X.

Thus, |V pF q| ď pk ` 4q|S|p|S|` 2k ` 14q. By (R5), each bag of C has at most k ` 1 nodes. Therefore,

|V pCq| ď pk ` 1qpk ` 4q|S|p|S|` 2k ` 14q.
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Chapter 7. A proof of the main theorem

We prove Theorem 1.2 by presenting a kernel with Opk14 log12 kq vertices.

Algorithm 1 Kernelization for 3-Leaf Power Deletion

1: function Compress(G, k)

2: if k “ 0 then

3: if G is a 3-leaf power then return pK1, 0q.

4: else return pK2,2, 0q.

5: end if

6: else Find an instance pG1, k1q equivalent to pG, kq, and a good modulator S of G1 having size

Opminpk3 log k, k2 log2|V pGq|qq by Lemma 4.5.

7: if |S| ď k then return pK1, 0q.

8: else if pG1, k1q ‰ pG, kq then return Compress(G1, k1).

9: else if Rule (Ri) for some i P t2, . . . , 8u is applicable to pG, kq then returnCompress(G2, k2)

where pG2, k2q is the resulting instance obtained from pG, kq with S by applying the rule (Ri).

10: else return pG, kq.

11: end if

12: end if

13: end function

Proof of Theorem 1.2. By Theorem 2.2, we can find all maximal true twin-sets in a 3-leaf power in

linear time. Thus, we can apply (R2), . . . , (R8) in polynomial time to an input instance pG, kq with

a good modulator S of G by investigating small subsets of V pGq or true twin-sets in GzS. Therefore,

Algorithm 1 is a polynomial-time algorithm.

We claim that for the instance pG, kq obtained in Line 10, G has at most Opk2|S|6q vertices. Note

that |S| ě k ` 1. By Proposition 5.6, GzS has at most 2pk ` 2q|S|2 non-trivial components. By

Proposition 6.1, each complete component of GzS has at most 2pk`3q|S|4{3 vertices. By Proposition 6.6,

each incomplete component of GzS has at most pk` 1qpk` 4q|S|p|S|` 2k` 14q vertices. Therefore, each

non-trivial component of GzS has at most Opk|S|4q vertices. Then the union of all non-trivial components

of GzS has at most 2pk ` 2q|S|2 ¨ Opk|S|4q “ Opk2|S|6q vertices. By Proposition 5.7, GzS has at most

2pk ` 3q|S|4{3 isolated vertices. Therefore, |V pGq| ď |S|` 2pk ` 3q|S|4{3`Opk2|S|6q “ Opk2|S|6q, and

this proves the claim.

For an instance pG, kq obtained from Line 10, |S| is at most

Opminpk3 log k, k2 log2|V pGq|qq ď Opminpk3 log k, k2 log2pk2|S|6qqq

ď Opminpk3 log k, k2 log2pk2pk3 log kq6qqq

ď Opminpk3 log k, k2 log2 kqq “ Opk2 log2 kq

by Lemma 4.5 and the claim. Therefore, G has at most Opk14 log12 kq vertices.
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Chapter 8. Conclusions

In this paper, we show that 3-Leaf Power Deletion admits a kernel with Opk14 log12 kq vertices.

It would be an interesting problem to reduce the size of the kernel for 3-Leaf Power Deletion.

For an integer ℓ ě 4, one may investigate about ℓ-Leaf Power Deletion, that is a problem

of deciding whether there is a vertex set of size at most k whose deletion makes an input graph an

ℓ-leaf power. There are linear-time algorithms to recognize 4- and 5-leaf powers [10, 12], and there is a

polynomial-time algorithm to recognize 6-leaf powers [21]. Moreover, there are linear-time algorithms to

recognize ℓ-leaf powers for ℓ ě 7 on graphs of bounded degeneracy [23].

Gurski and Wanke [25] stated that for each ℓ, ℓ-leaf powers have bounded clique-width. Rauten-

bach [41] presented a characterization of 4-leaf powers with no true twins as chordal graphs with ten

forbidden induced subgraphs. This can be used to express, in monadic second-order logic, whether a

graph is a 4-leaf power and whether there is a vertex set of size at most k whose deletion makes the graph

a 4-leaf power. Therefore, by using the algorithm in [14], we deduce that 4-Leaf Power Deletion is

fixed-parameter tractable when parameterized by k, and therefore it admits a kernel. It is natural to ask

whether 4-Leaf Power Deletion admits a polynomial kernel. For ℓ ě 5, we do not know whether we

can express ℓ-leaf powers in monadic second-order logic. If it is true for some ℓ, then not only ℓ-Leaf

Power Deletion is fixed-parameter tractable, but also ℓ-Leaf Power Recognition can be solved

in polynomial time, which is still open for ℓ ě 7.
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[7] Stéphane Bessy, Christophe Paul, and Anthony Perez, Polynomial kernels for 3-leaf power graph

modification problems, Discrete Appl. Math. 158 (2010), no. 16, 1732–1744. MR 2679772
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