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Abstract

Integer programming problems that arise in practice often involve decision variables with one or two sided
bounds. In this paper, we consider a generalization of Chvatal-Gomory inequalities obtained by strengthening
Chvital-Gomory inequalities using the bounds on the variables. We prove that the closure of a rational poly-
hedron obtained after applying the generalized Chvatal-Gomory inequalities is also a rational polyhedron. This
generalizes a result of Dunkel and Schulz on 0-1 problems to the case when some of the variables have upper or

lower bounds or both while the rest of them are unbounded.

1 Introduction

Chvatal-Gomory cutting planes [4, 15] (or CG cuts for short) form an important class of cutting planes for integer
programming problems. Besides being useful in practice, with separation routines for many subclasses of CG cuts
implemented in commercial MIP solvers, there is a significant body of literature on theoretical properties of CG

cuts, especially on the notions of “closure” and “rank”.

Let ax < ( be a valid inequality for a polyhedron P C R™ with o« € Z™ and 8 € R\ Z. The inequality oz < | 3]
is called a CG cut for P derived from the inequality ax < {3 and is valid for all integer points z’ satisfying az’ < 3
(and therefore, for P N Z™). Here, | 3] stands for the largest integer less than or equal to 5. Therefore,

18] > max{oz : x € Z", ax < B}, ()

with equality when the coefficients of « are relatively prime. The Chvdtal closure of a polyhedron P [4] is the set
of points in P that satisfy all possible CG cuts for P. Schrijver [20] proved that the Chvétal closure of a rational
polyhedron is again a rational polyhedron, thus showing that there are only a finite number of nonredundant CG
cuts for a rational polyhedron. Additional results on the polyhedrality of the Chvatal closure were given by Dunkel

and Schulz [11] for nonrational polytopes, and Dadush, Dey, and Vielma [6] for compact convex sets.
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Dunkel and Schulz [10] proposed a generalization of CG cuts for 0-1 integer programs. Let ax < [ be a valid
inequality for a polytope P C [0, 1]™. Optimal solutions of the maximization problem in (1) may not be contained
in {0, 1}, the set of possible integral points in P. Therefore, if 3’ = max{az : z € {0,1}", ax < B} (assuming
the maximum exists), then 8’ < | 3] and ar < (' is at least as strong as the CG cut ax < | 3]. Moreover, ax < 3’
is a valid inequality for P N {0, 1}". Dunkel and Schulz showed that the set of all points in a polytope P C [0, 1]™
that satisfy all cuts of the type above define a rational polytope. These cuts are clearly valid for the 0-1 knapsack
set { € {0,1}" : aw < 3}; valid inequalities for such knapsack sets are used to solve practical problem instances

in Crowder, Johnson, and Padberg [3] and an associated closure operation is defined by Fischetti and Lodi [13].

Pokutta [19] generalized the Dunkel-Schulz definition by considering arbitrary subsets of Z™ and studied bounds
on the rank of resulting cuts for certain families of polytopes. Let S C Z", let P be a polyhedron, and let ax <
be a valid inequality for P. Assume further that S has a point satisfying ax < 5. We call the inequality ax < '
where ' = max{ax : © € S,ax < B}, an S-Chvdtal-Gomory cut (or S-CG cut, for short) for P and this
inequality is valid for P N .S. Let

18] s,a = max{azx :z € S,ax < f}.

We view | 3]s, as a generalization of the operator | 3| (Pokutta uses the notation [e, 5] s instead). We then
represent the above S-CG cut as ax < |B]g,. If ar < fis valid for P, but conv(9S) is a rational polyhedron and
does not contain a point satisfying this inequality, then P N S is empty. In this case, we say that Oz < —1 is an

S-CG cut for P derived from ax < (. In a similar manner, we define
[B]s,a =min{az : x € S,az > G},

assuming S has a point satisfying e > 8. Then we say that ax > [§] g, is the S-CG cut obtained from ax > .
We define the S-CG closure of a polyhedron P to be the set of all points in P that satisfy all S-CG cuts for P,
and we denote this set by Ps (Pokutta uses the notation GCG(P)g to refer to Ps). We focus only on rational
polyhedra in this paper.

When S = Z", the family of S-CG cuts for P is the same as the set of CG cuts for P of the form ax < | 3] where
¢ is a vector of coprime integers and axz < [ is valid for P; in this case, the hyperplane ax = § is moved (by
reducing ¢ from the starting value of /) till it first hits an integer point. In the case of an S-CG cut where S # Z",
the hyperplane ax = ¢ is moved till it first hits a point in S. These new inequalities can also be viewed as cutting
planes from “wide split disjunctions”, introduced recently by Bonami, Lodi, Tramontani, and Wiese [2], where the

cut coincides with one side of the disjunction (or the associated inequality).

In this paper, we consider some natural choices of .S not considered earlier, for example, S is a finite set or S = 7y
Polyhedrality results were given for S = {0, 1}" by Dunkel and Schulz [10] and for S = Z™ by Schrijver [20]. We
prove that the S-CG closure is a polyhedron when S is finite, generalizing the result of Dunkel and Schulz above.
Any integer program with a bounded linear programming relaxation can be strengthened by the S-CG closure for
some finite S. Moreover, our result for finite S allows S to have “holes” (S # conv(S) N Z™) and is thus relevant

to some recent work by Bonami et al. [2] on the so-called Lazy Bureaucrat Problem (defined by Furini, Ljubi¢, and



Sinnl [14]) and Vielma’s [21] embedding approach to formulating disjunctive programs in a higher-dimensional

space (also studied by Huchette [16]).

The case S = Z is also highly relevant in practice as many practical integer programs involve nonnegative integer
variables. The results in this paper imply that the S-CG closure of a rational polyhedron is a polyhedron when S' =
7 . This is the most difficult case considered in this paper, and the proof reduces to proving polyhedrality when P
is a rational packing or covering polyhedron contained in R’} . Recently, Pashkovich, Poirrier, and Pulyassary [18]
and Zhu, Del Pia, and Linderoth [22] studied aggregation cuts for packing polyhedra and proved that the associated
aggregation closure is a polyhedron (Pashkovich et al. also proved polyhedrality of the aggregation closure in the
case of covering polyhedra). An aggregation cut for a packing polyhedron P is a valid inequality for the unbounded
knapsack set {x € Z" : aw < 3} where ar < 3 is a valid inequality for P, and the aggregation closure is the
set of points in P that satisfy all aggregation cuts. In this case, the inequality ax < | 3] 27 18 a special case of
an aggregation cut, and therefore, the aggregation closure is a subset of Pg. A similar connection holds between
aggregation cuts and Zy -CG cuts for covering polyhedra. However, the proof in [18] that the aggregation closure
is a polyhedron does not imply the polyhedrality of Pg: all facets of the aggregation closure are aggregation cuts,

whereas we show that some facets of Pg are not S-CG cuts but are limits of such cuts.
We combine results for the cases S = Z'}, S'is finite, and S = Z" in our main result:
Theorem 1.1. Let T' C Z™* be finite, { € 7" ,u, € Z™4, and let S be
S={(z,y,w"w?) €Z™M xZ™ xZ" xZ" : x €T, w' >0, w> <u}.
If P C conv(S) is a rational polyhedron, then the S-CG closure of P is a rational polyhedron.

In Section 2, we formally define the S-CG closure of a rational polyhedron and give some of its basic properties.
In Section 2.3, we prove that the S-CG closure is polyhedral for every finite S C Z™. In Section 3, we show that
the S-CG closure of a rational polyhedron is also a rational polyhedron when S = T x Z™ where T' C Z™' is a
finite set. In Section 4, we prove Theorem 1.1 by reducing the general case to the case when S C Z7}. We conclude

in Section 5 with some remarks on the separation problem for S-CG cuts.

2 Preliminaries

We start with a formal definition of the S-CG closure of a rational polyhedron. Let S C Z", and let
P={zeR": Az <b} 2)

be a rational polyhedron, where A € Z™*" and b € Z™. Let Pr = conv(P N Z™) denote the integer hull of P.
Let

L ={(a,) €Z" xR : INERT st. a=AA, B> Ab} 3)

be the set of all vectors that define valid inequalities for P with integral left-hand-side coefficients. As P is rational,

these inequalities define P. Let IIp be the subset of I1} corresponding to supporting valid inequalities only:

IIp ={(co,8) €e Ip : f=max{ax:z € P}}. 4)



Though IT} is a polyhedral mixed-integer set, IIp is the union of a finite number of polyhedral mixed-integer
sets. We defined the S-CG closure of P as the set of points in P that satisfy every S-CG cut for P. Throughout
the paper, we assume that conv(S) is a rational polyhedron. Then if P N conv(S) is empty, there is a vector

(o, B) € I} such that the inequality aux < 3 strictly separates conv(S) from P:
r€P=ar<p and =z € conv(S)= azx > f.

Then, by definition, 0z < —1 is an S-CG cut for P, and Pg = .
On the other hand, if P N conv(S) # 0, then |85, = max{ax : € S,ax < B} is well-defined for all

(o, B) € I} Then the S-CG closure of P can be written as

Ps= () {z€R": az<|[B]sa}- 5)

(o, B)EI;

Note that Ps can be empty even when P Nconv(S) # (), for example, when S = Z"™ and P is a polyhedron whose
Chvatal closure is empty. It is straightforward to see that the closure operation (5) has the following properties,

observed first by Pokutta [19].
Remark 2.1. Let S C Z", and let P C R"™ be a rational polyhedron. Then

(1) Pr C Ps C P,
(2)if S C T, for some T C Z", then Ps C Pr,
(3) if Q@ D P is a rational polyhedron, then Qg 2 Ps.

For any I' C II%,, we consider a relaxation of Pg defined by S-CG cuts obtained from I as follows:

Psr= () {z€R": az < |Blsa}-
(a,B)el’

Remark 2.2. Let S C Z", let P C R" be a rational polyhedron, and let I' C I1. Then

(1) ifI' C Q C Iy, then Ps C Pso C Psr,
(2)ifT =¥, Ty, then Psp = N_, Psr,.

Therefore, if I' = Ule I'; and Psp, is a rational polyhedron for each ¢ € {1,...,k}, then Ps is a rational

polyhedron. For any I' satisfying IIp C I" C 11, we have
Psnp = Ps;r = Ps s, - (6)

It is easy to see that the first set above is equal to the third set as an S-CG cut for P is dominated by an S-CG
cut for P arising from a valid supporting inequality for P. As the second set is trivially contained in the third set

and contains the first set, the remaining equality relations follow.

2.1 Examples

We next present two simple examples to highlight some differences between regular CG cuts and S-CG cuts. The

first example highlights the strength of S-CG cuts.



Example 2.3. Consider a rational polyhedron P C R? such that the inequality 3z +5y > 3.4 is valid. Clearly, the
associated CG cut 3x + by > 4 is valid for PN Z"™. Notice that the CG cut is tight at point (3, —1). Now, consider
S = {x €7Z%2:0<z,<4,0<z5< 3}, and note that (3, —1) € S. In fact, the S-CG cut 3x+5y > 5, obtained
Sfrom 3x + by > 3.4, is valid for P N S and is tight at the point (0,1) € S. See Figure 1 for an illustration. O

Figure 1: [llustration of an S-CG cut

The next example highlights the fact that the S-CG closure can have facet-defining inequalities that are not S-CG
cuts. In contrast, it is known that all facets of the Chvétal closure of a rational polyhedron are defined by CG
cuts [20]. In the following example, a sequence of S-CG cuts converge to a facet-defining inequality that is not an
S-CG cut itself.

Example 2.4. Let S = {0,1}*, and let P be the convex hull of the following six points in [0, 1]*.
P = conv {(1/2,0,0,0), (1,0,0,0), (0,1,1,0), (0,1,0,1), (0,0,1,1), (1,1,1,1)} .

Observe that 2x1 + xo + x3 + x4 > 1 is a valid inequality for P and is tight at the vertex (1/2,0,0,0). As the
point (0,1,0,0) € S satisfies 2x1 + w2 + x3 + x4 = 1, one cannot obtain

2(E1+$2+1’3+1’422

as an S-CG cut for P. However, we claim that this inequality is valid for the S-CG closure of P. Note that for
any 0 < § < 1/2, the inequality 2x1 + (1 — §)xa + (1 — 8)xs + (1 — 8)x4 > 1is valid for P as it is satisfied by
all its vertices. Moreover, any point x* € S that satisfies this inequality either has x7 = 1 or x5 + x5 + z} > 2.
Therefore, the smallest value of 2x1 + (1 — §)xa + (1 — §)xs + (1 — )xy at such points in S is exactly 2 — 20.
This implies that for any rational 0 < § < 2,

23:1+(1—6)x2+(1—5)x3+(1—5)x422—25

is an S-CG cut (after scaling by a positive integer M such that M is integral). Taking the limit of this inequality
as § — 0, we can infer that 2x1 + xo + x3 + x4 > 2 is valid for Ps. As this inequality is facet-defining for Py, it
is also facet-defining for Ps D Pj. O



We next illustrate this fact in Figure 2, where S = {s1, s2, 53} C Z? and P C R? is the blue (larger) triangle. The
S-CG closure has a facet-defining inequality (indicated by the thick line passing through s2) that is not an S-CG
cut. The supporting hyperplane for P (which is parallel to this inequality — depicted by the thick line passing
through s3) also touches the point s3 € S.

2\
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81‘

Figure 2: Some facets are not defined by S-CG cuts

2.2 The polar lemma

We next show an important property of closures of polyhedra with respect to an infinite family of valid inequalities.

The following lemma will be useful, and it is related to a result of Dunkel and Schulz [10, Lemma 2.4].

Lemma 2.5 (Polar lemma). Let P C R™ and H C R™ X R be rational polyhedra. Assume H N (Z™ X 7Z) is

nonempty and is contained in vec(H ), the recession cone of H. Then

ﬂ {reP: ax <p} = ﬂ {reP: ar<p}. 7

(a,B)EHN(Z"™ XTZ) (e,B)€Erec(H)

Moreover, both sets are rational polyhedra.

Proof. For ease of notation, let IT denote H N (Z™ x Z). By Meyer’s Theorem [17], as II is nonempty, conv (II)
is a rational polyhedron and has the same recession cone as H, namely rec(H). Let P; denote the set on the
left-hand-side of equation (7), and let P, denote the right-hand-side set. As II C rec(H), P» is a subset of P;. We
will show, by contradiction, that for any («, 3) € rec(H), ax < 3 is valid for Py, thereby proving that P; C Px.
Assume this is false. Then there exist («, ) € rec(H) and T € P; such that aZ > (. Consider an arbitrary
(% %) € I; then o’z < Y as & € Py. Therefore, we can choose a positive p such that u(az — 8) > 8° — a%z.
So, we have

(@® + pa)z > B+ pp. (8)

On the other hand, since (a”,3°) € I C conv(Il) and (a, 3) € rec(H) = rec(conv(Il)), it follows that
(a®, %) + p(a, B) € conv(Il). Every vector of II defines a valid inequality for P;, and — by convexity — so does
every vector of conv(II). This implies that (a® + pua)z < 8° + u/3, a contradiction to (8). Therefore, P, = P;.

To complete the proof, we show that P, is a rational polyhedron. As H is a rational polyhedron, rec(H) is a

rational polyhedral cone, and therefore, there exist (a!, 81),..., (a", 8") € rec(H) N (Q" x Q) such that any



(o, B) € rec(H) can be written as a conic combination of these vectors. Therefore, P is equal to {z € P : o'z <

B%i=1,...,r},s0 P, is arational polyhedron, as required. O

Using Lemma 2.5, we can prove that the S-CG closure of a rational polyhedron P C R" is a rational polyhedron
by constructing a rational polyhedron H C R™ x R such that H C rec(H) and the S-CG closure is equal to
N(apycrn@znxz) 1z € P ax < B}. We note that the idea of constructing a polyhedron H such that its integer

points correspond to CG cuts for a polyhedron P is well-known; see Bockmayr and Eisenbrand [1].

2.3 S-CG closure when S is finite
Dunkel and Schulz [10] proved the following result:

Theorem 2.6 (Dunkel and Schulz [10]). Let S = {0,1}", and let P C [0, 1]™ be a rational polytope. Then Pg is

a rational polytope.

We extend this result to the case when S is a finite subset of Z™ and P is a rational polyhedron not necessarily

contained in conv(.S).

Theorem 2.7. Let S be a finite subset of Z™ and P C R™ be a rational polyhedron. Let H C R™ x R be a
rational polyhedron that is contained in its recession cone rec(H ), and letT' = IIp N H. Then Pgr is a rational

polyhedron. In particular, Pg is a rational polyhedron.

Proof. Let P = {x € R" : Az < b}, where A € Z™*" and b € Z™. As S is finite, it has a finite number of
ordered partitions with cardinality two, and let F be the family of all such partitions. For any (L,G) € F, we
define

(,8) = (AA, D),
az < 0 Vze L
(a,6) 3(8,A) Ny 1 7
Hio = N : m St az > B+ Vz € G,
(£.6) eR" xR €R x R” 5 < 8.
(,8) € H

where k > 0 is the least common multiple of nonzero subdeterminants of A. We define P(;, ) as

Pra = ﬂ {xeP: ar <6} 9)
(a,é)EH(L,G)ﬂ(Z"XZ)

For some (L, G) € F, the set H(y, ;) may be empty, in which case P gy = P.

By definition, the polyhedron H ;, ¢y is the projection of a polyhedral set V' — defined on the variables «, d, 3, A
— onto the space of variables «, d. Using the fact that the recession cone of H(y, ) is equal to the projection of

rec(V') onto the the space of variables «, J, we obtain

(a, 8) = (AA,AD),
az < 9 Vze L
_ ) (0) 3B, N) 2 ’
I‘GC(H(L7G)) - cR™ xR cR x RT s.t a; i g Vz € G,
(a, B) g rec(H)



Since 1/k > 0 and H C rec(H), it follows that
Hiag C rec(H(Lg)) = Hgagn (Z" x 7) C I‘eC(H(L,G)).

Then Lemma 2.5, along with equation (9), implies that Py, ) is a rational polyhedron.

We will next prove that

Psr= () Pura: (10)
(L,G)eF

As F is a finite set and P(;, ¢ is a rational polyhedron for any (L, G) € F, the theorem will follow.

To show that Ps r contains the right-hand-side of (10), we will show that all valid inequalities for Ps r are valid
for some F(r, ). By (6), it suffices to consider valid inequalities for Pg r that have the form ax < | 8] s,q for some
(o, B) € IIp N H. Consider one such inequality. Then there exists some A € R’} such that (o, ) = (AA, Ab) and
B = max{az : x € P}. Assume that ax < [ partitions S into L and G as follows:

L={x€S: ax <P} and G={zxeS: azx>p} (11)

We will show that («, | #]5,) € Z"™ x Z is contained in H(;, ). Let 0 = [8]5,o < 3, and notice that a, 3,9
trivially satisfy the first, second, and fourth set of inequalities defining H(y, ). If G is empty, then the third set
of inequalities defining H 1, ) is trivially satisfied. So, we may assume that G is nonempty. As = max{o :
x € P}, the maximum is attained at a point Z such that its components are integral multiples of 1/x. Then
is an integral multiple of 1/k as « is integral. Therefore, if «Z > [ for some integral z, then oz > § + 1/k.
Consequently, (o, [3]s,a) € H(z,a), as desired. Therefore, ax < | 3] 5,4 is valid for Py, ). We have thus shown
that Ps 1 contains the right-hand-side of (10).

To show the reverse containment, consider an arbitrary (L,G) € F such that Hi oy # 0, and let (o, 6) €
Hr,gy N (Z™ x Z). Then there exist some 3 and X such that «, 3,9, A satisfy the constraints defining H, ).
Therefore, ax < §is valid for P, az > fforall z € G, and az < ¢ < g for all z € L. Furthermore, |35 <
as all points in S that satisty az < § also satisfy ax < 6. Therefore, ax < 4 is valid for Pg r as it is dominated
by the S-CG cut ax < |B]s,o. We have thus shown that Pg r is contained in the right-hand-side of (10), and
therefore, the equality in (10) holds.

If we let H = R"™ x R, then Ps = Pg r, and therefore, Pg is a rational polyhedron. O

As a direct corollary of Theorem 2.7, we obtain the following:

Corollary 2.8. Let B = {z € R" : ¢ < x < u} for some {,u € Z" such that { < u. Let P C B be a rational

polytope, and let S = B N Z". Then Pg is a rational polytope.

It is possible that H ;o) N (Z™ x 7Z), defined in the proof of Theorem 2.7, is strictly contained in rec(H (1 ).
Therefore, for some «, 3,6, A that satisfy the constraints describing rec(Hz, )), we might have a point z € G
that satisfies vz = . In this case, |5]s,o = § > ¢, and therefore, the inequality az < § cannot be obtained as
an S-CG cut from ax < . In Example 2.4, the limiting inequality that is valid for the S-CG closure but is not an
S-CG cut precisely falls into this category.



3 S-CG closure when S is a cylinder

In Section 2.3, we showed that Ps is a rational polyhedron when S is a finite subset of Z" and P is a rational

polyhedron. In this section, we consider the case where
S =T x Z! for some finite T' C Z", (12)
P:{(x,y)ER”le:Ax+Cy§b}, (13)

and the matrices A, C, b are integral and have m rows and n, [, 1 columns, respectively. In this case, we will prove

that Pg is a rational polyhedron. For P defined in (13), the set II p — defined in (4) — can be written as
Op = {(a,7,8) €Z" x Z' xR : Ix € RY st (a,7,8) = (A, XC,Ab),
B = max{ox+yy:(z,y) € Pt} (14)
Let O be the vector of all zeros of appropriate dimension, and let
Iy = {(e,7,B) € Ip : v = 0}. (15)

By Remark 2.2, Ps = Ps 11, N Pgmp\m1,- To prove that Pgs is a rational polyhedron, we will first argue that Ps 11,

is a rational polyhedron. This result follows from the lemma below, which will also be used in Section 4.
Lemma 3.1 (Projection lemma). Let P be defined as in (13). Let

S =T x 7' for some T C 7"
Let T C I, and let Q = {(a, ) € R® xR : (,0, ) € T'}. If Q = proj,(P), then Q C Il and

Psr=PnN(Qra xRY.

Proof. We first argue that QQ C IIg. For any (a, 5) € Q, we have (o, 0, 3) € T', implying in turn that
B =max{az : (z,y) € P} = max{az : € proj,(P)} = max{azx : z € Q}.
Therefore, (o, 8) € Ilg, and thus 2 C I1,.
Next we argue that Qr o = proj,(Ps ). For any (o, 8) € Q (ie., (o, 0, 3) € I'), we have
|B]7,a = max{ax : z € T,ax < B} = max{ax : (z,y) € S,azx < B} = [B]s,(a,0)-

Let (Z,y) € Psr. Then for any (o, ) € €, we have aZ < |f3]g (a,0) and thus aZ < |B]7,q, implying in
turn that £ € Q7. Conversely, let x € Qr,o. As z € @, there exists y € R* such that (z,y) € P. Then for
any (o, 0,8) € I, we have ax < [f]7,o and thus ax < |3]g,(a,0), Which in turn implies that (z,y) € Psr.
Therefore, Q7. = proj,(Ps,r), and it follows that

Pst C PN (Qra xRY.

Suppose for a contradiction that Ps 1+ # PN (Qr,q X RRY). Then there exists a point (Z, %) € P such that Z € Qr.0
and (z,7) € Psr. Since (z,7) € P\ Psr, there must exist some (o, 0, 3) € I such that oz > 3] (a,0). and
therefore, aZ > | 8] 1. This is a contradiction as T € Qr . So, Psr = PN (Qra X R!), as required. O



Notice that 7' C Z™ in Lemma 3.1 does not need to be finite. As a consequence of Lemma 3.1, we obtain the

following lemma:

Lemma 3.2. Let S and P be defined as in (12)—(13), and let 11y be defined as in (15). Then Pg 1, is a rational
polyhedron.

Proof. Let Q = {(a,8) € R" xR : (,0,8) € Iy}, and let Q = proj,(P). Then it follows that Q = Ilg,
implying in turn that Q7o = Q7. So, by Theorem 2.7, Q7 q is a rational polyhedron. Moreover, by Lemma 3.1,
Ps 1, = PN (Qr,0 x R"). Therefore, Ps r, is a rational polyhedron. O

Given two cutting planes for P, we say that the first dominates the second if the points in P satisfying the first also
satisfy the second inequality. By this definition, any cut for P dominates, and is dominated by, itself. It is well-
known that the Chvital closure of P is described by AAz+ACy < [Ab] for A € R'7" such that (A\A, AC)) € Z" x Z!
and 0 < A\ < 1 [20]. In fact, every CG-cut for a rational polyhedron is dominated by another CG cut obtained via
bounded multipliers. The next result for S-CG cuts is analogous to this result. We define the following constant KX
that depends on P and T":

K=max{1"|b— Az|:z €T}, (16)

where |b — Az| denotes the vector whose entries are the absolute values of the entries of b — Ax. Given a vector ,

let gcd(~y) denote the greatest common divisor of the entries of ~.

Lemma 3.3. Let S, T, P, and llp be defined as in (12)—(14). Then for any («,~,3) € Ilp, there exists
(o',~', 8") € llp that satisfies the following:

(1) the S-CG cut derived from (¢, ', 8') dominates the S-CG cut derived from (o, 7, ),
(2) either v' = 0, or there exists p € R™ with 0 < pu <ged(v')1 such that (a) (o/,~', 8") = (1A, nC, ub) and (b)
|6 — o'z| < ged(v')K forallxz € T.

Proof. Let (a,v,3) € llp. Then (a,7,8) = (AA, AC, \b) for some A € R, and «, y are integral vectors. If
~ = 0, then the S-CG cut derived from («a,y, 8) = («, 0, 8) dominates itself. So, we assume that v # 0. Let g
denote ged(7y). If A; < g fori = 1,...,m, then (¢/,', 8") = (e, 7, B) is the desired vector as |3 — azx| < gK,

and therefore, we may assume that this is not the case.

Let 6, u € R™ be defined by 6; = g|A;/g] and p = A — 4. Since p; = A; (mod g) fori = 1,...,m, we have
0 < pu<gl Let(,7, ) = (uA, pC, ub). Since p < X and f = max {ax + vy : (x,y) € P}, it follows that
B =max{a'z++'y: (z,y) € P}. So, (¢/,7,8") € lIp.

To show that o’z + 'y < | '] §,(a,1+) dominates the inequality ax + vy < [ B]g, (a,). We Will argue that

b+ 8] s,0r7) < 1B (am)- (7)
By definition, there exists (Z,y) € S such that o’z 4+ 'y = | #'| 5, (a’,4/)> Which implies that

6b+ [B']s,(ar ) = 0b+ (= SA)T + (v — 6C)§ = aZ + vy + (6b — §AZ — 5C). (18)
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As the components of the vector § are multiples of g and A, C, b, T, i are all integral, the expression

5(51) —0AZ — 6CY) (19)

is an integer. Since ;v is an integral vector with ged (%’y) = 1, there exists § € Z' such that ;7 is equal
to the integer in (19). Making this substitution in (18), we obtain 6b + [']s (a'\y) = QT + Y(J + §). As
6b+ B |s,(ar )y < 0b+ B = B, it follows that aZ + ¥(7 + 9) < [B]s,(a,y) as (T,§ +J) € S. Therefore, the
inequality (17) holds.

If v/ = 0, the proof is complete. If 4" # 0, then we note that all components of 7’ are multiples of gas vy = vy — 46
and all components of v and § are multiples of g. Therefore, ged(y’) = g’ = kg for some positive integer k.
Moreover, for i = 1,...,m, we have 0 < p; < g’ as 0 < p; < g, so (a) holds. To see that (b) also holds, note
that ' — o/x = pub — pAx = u(b — Az) for all z € T. As A and b are fixed, T is a finite set of integers, and
0 < u < g'1, the result follows with K defined in (16). O

Using Lemma 3.3, we can prove the following theorem:

Theorem 3.4. Let S = T x Z! for some finite T C 7", and let P C R™*! be a rational polyhedron. Then Pg is a

rational polyhedron.

Proof. We may assume that Pg # ); otherwise P is trivially polyhedral. As conv(.S) is a rational polyhedron, if
P Nconv(S) = 0, then we have Ps = (). Therefore, we assume that P N conv(S) is nonempty. Let ITp and I1y be
defined as in (14)—(15). Remark 2.2 implies that Ps = Ps 11, N Ps 11,\11,> and Lemma 3.2 implies that Pg 11, is a

rational polyhedron.

Let©® ={AC €Z':0< A< 1}\{0}. Lett = |T|,T = {«',...,2'},and I = {1,...,t}. Let K be defined as
in (16). Given 1 € © and p € [ K, K]* N Z*, we define H,, , as follows:

(a,7,8) = (AA,AC, D),

ar’+g(p;+1) > B+2L Viel,

(a,7,6) BeR az' +gp; < 6 Viel,
H(H p) = e ! : AE RT S.t. N < 1
: eR* xR xR gez = 9%
s < B
Y= 9K

g = 1

where k > 0 is the least common multiple of nonzero subdeterminants of (A,C). For all u € © and p €
[-K,K]' N7, let
Plup) = N {(.9) € P:aw + 7y < 5).
(a,ﬂy,é)EHW,p)ﬁ(Z"XZl><Z)
If Hi, ) N (Z" x Z' x Z) is nonempty, then it is contained in rec(H(,, ,)) and Lemma 2.5 implies that P, ,) is a

rational polyhedron. When H(,, ,y N (Z™ x 7! x 7) = (), we have P P. We will prove that

wp) =

Psmp\m, = N Plyipys 20)
(1€®,pe[-K,K]*NZ)
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thereby proving the theorem.

To show that Pg y,.\r1, contains the right-hand-side of (20), we will show that for all («,~,3) € Ilp \ I, the
vector (a7, [B]s,(ary)) € Hipp) N (Z" x Z' x Z) for some 1 € © and p € [—K, K|' N Z". To this end, let
(a,,B) € IIp \ IIy. Then v # 0 and (a, 7, 3) = (AA,AC, \b) for some A € R7'. Moreover, by Lemma 3.3,
we may assume that gcd () = g for some positive integer g with 0 < A < g1. As v/g = (A/g)C is an integral
vector and 0 < \/g < 1, we see that v = gu for some p € ©. By our choice of U in (16), for each i € I, there
exists an integer p; € [— K, K| such that

gpi < B —azx’ < g(pi+1). @21

As 8 = max{az + vy : (z,y) € P} is finite, the maximum is attained at a rational point (Z, §) that has the
denominators of its components equal to a subdeterminant of (A, C'). Therefore, 8 is an integer multiple of %
Hence, 8 < ax® + g(p; + 1) — % for all ¢ € I. Let p denote the vector whose entries are p; (¢ € I). As the
components of y = éy are relatively prime, we can find a vector 3* € Z! such that puy’ = p; for all i € I. So,
~vy' = gp;, and it follows from (21) that

az’ +yy' = az' +gpi < B
Since (2%, y") € S, we have that az’ + gp; < |B]s,(a,y)- Therefore, (a,v, |3]s,(a,y)) € H(pu,p)» as required.

We next show that if H(,, ,) N (Z" x Z' x Z) # ( for some p1 € © and p € [- K, K|'NZ", then Ps \11, € Py, p)-
Let (a,7,d) € H, ). Then there exists some 5 > ¢ such that the inequality acx + vy < f is valid for P and
6 > max{aa’ + gp; : i € I}. As P N conv(S) is nonempty, |53] s (a,) is well-defined. So, for some j € I and

some y* € Z! we have

ax? +yy* = [Bls,(ay < B < ax? + g(p; +1).

If ax? + gp; < [B]s,(a,~)- then the previous inequality implies that

gp; <vy* <glp; +1).

This is not possible as v = gu and ~yy* is a multiple of g. Therefore, we have az/ + gprj > B s,(a,y). implying
that | 3] g (a,y) < 8. Therefore, ax + vy < d is valid for Ps, as required. O

As a directly corollary of Theorem 3.4, we obtain the following result:

Corollary 3.5. Let T = {z € R" : u < x < v} for some u < v € Z", and let S = (T N7Z") x Z'. Let
P C R" x R! be a rational polyhedron. Then P is a rational polyhedron.

4 Integer points with bounds on components
In this section, we consider the set

S={(z,y,w" w?) €Z™ x L™ x " x ™ : z €T, w' >, w* <u} (22)
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where T' C Z™ is finite, £ € Z™® and u € Z™+. We will show that the S-CG closure of a rational polyhedron is
again a rational polyhedron. To simplify the proof, we will first argue that we may focus on the setting where S is
of the form

S=TxZ" xZ forsome finite T C Z". (23)

Remember that a unimodular transformation is a mapping 7 which maps x € R" to Uz + v € R" for some
unimodular matrix U € Z"*" and some integral vector v € Z". Note that the inverse mapping 7~ !(z) =
U~z — U~ v is also a unimodular transformation. For II C IIp, we abuse our notation and define 7(II) as
{(aU™, B+ aU ) : (o, B) € I} C I, (py.

Lemma 4.1 (Unimodular mapping lemma). Let S C Z", and let P C conv(S) be a rational polyhedron. Then
7(P) C conv(7(S)), and for any 11 C 1lp, 7(Psn) = 7(P);(s),rn)- In particular, 7(Ps) = 7(P)(s)-

Proof. Tt is clear that 7(conv(S)) = conv(7(S)), so we have 7(P) C conv(7(S)). For any (o, 8) € Z™ X R,
T({fz eR": ax < B}) = {z €R": ar !(z) < B}, which implies that az < 3 is a valid and supporting
inequality for P if and only if aU ="'z < 8 + aU ~!w is a valid and supporting inequality for 7(P). Moreover,

T{zeR: [Blsa<ar <P ={z€R": [Blsa+talU v<alU '2<B+alU "v}.
This implies that |3 + aU 0| (s),au-1 = | 8]s,a + U 'v. As aresult,
Tz eR": azx < |Blsa}) ={2€R": aU 2 < |B+aU "] (s),00-1}-

Therefore, we get 7(Ps,11) = 7(P)-(s),~(m)- In particular, when IT = IIp, we have 7(Ps) = 7(P)(s). O

Essentially, we can argue that there is a unimodular transformation mapping a set of the form (22) to a set of the
form (23).

Lemmad4.2. Let S C Z™ X Z™2 X Z'™3 x Z™* be of the form (22). Then there exists a unimodular transformation

T such that 7(S) is of the form (23).

Proof. As T is finite, T C {x € R™ : p < x < ¢} for some p,q € Z"'. Let 7 be the unimodular transformation

defined as follows: for each (x,y, w', w?) € R™ x R"2 x R" x R™,
T ((m,y,wl,wQ)) = (LU - D, Y, wl —E, u — w2) .

Let ' =T" x Z"* x Z* x Z}* where T' = {x —p:x € T'}. Then S’ = 7(S). Notice that 7" is contained in

[0, ¢ — p]. Therefore, S’ is of the form (23) and 7 is the desired unimodular transformation. O

Given S of the form (23), let Sy be defined as
So=T X Z"™* x 7"3. (24)

Notice that Sy is obtained from S after relaxing the nonnegativity restriction on the third set of variables. Since
S C Sy, we have Ps C Pg, by Remark 2.1. Henceforth, we use Ny, Ny, N3 to denote {1,...,n1}, {1,...,n2},

{1,...,n3}, respectively. Next we prove the following two lemmas:
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Lemma 4.3. Let S and Sy be sets of the form (23) and (24), respectively. If P C conv(S) is a rational polyhedron,
then Ps = Ps, N Pg 0 where
= {(a,8) €ellp: a=(a',0,0*)}. (25)

Proof. To prove the claim, we will argue that if the S-CG cut derived from («, 5) € Ilp is violated by a point
in Pg,, then (a, 3) € IY. To this end, take a pair (c, 3) € IIp, where a = (at,a?,a?) € Z™ x Z"2 x 7",
If |B]s,a = |B]sy,a» then the associated S-CG cut is the same as the associated Sy-CG cut, implying that any
S-CG cut violated by a point in Ps, must have [3|s,o < [3]sy,a- This means that while Sy contains a point

z = (21, 22, 2%) such that az = [ 3] s,.a. there is no such point in S.

Suppose for a contradiction that o # 0. Then «f # 0 for some i € Na. Letr = (r!,r2,r3) € Z™ x Z" x 7"
where
1 2 ’0‘ | 3| i 3 2 j
r =0, rt=— Z oy | e, re = ‘ai‘ Z e},
¢ JENS3 JEN3

and e} denotes the i unit vector in R™2 and €} denotes the jM unit vector in R™. As 73

> 0, there exists a
sufficiently large integer M such that o323 + Mr® > 0, and therefore, z + Mr € S. Moreover, it can be readily
checked that ar = 0 and that a(z + Mr) = az, implying in turn that |8|s o = | 5] s,,q- @ contradiction to our

assumption that | 3|s.o < |3]s,.a- Therefore, it follows that o® = 0. O

Lemma 4.4. Let S be a set of the form (23), and let P C conv(S) be a rational polyhedron. Assume the following
holds:

For every 8" = T x Z* for some finite T C Z'[* and for every rational polyhedron QQ C conv(S’),

both Q ¢, o and Qg o are rational polyhedra where

Qa = {(a,ﬁ) €llg: a=(at,a?), a® > 0} and Qg = {(a,ﬁ) €llg: a=(at,a?), a® < O}.
(26)

Then Pg is a rational polyhedron.

Proof. By our choice of S, we have S = T x Z"2 x ZT‘ for some finite 7' C ZT. Let IT° be defined as in (25).
Then, by Theorem 3.4 and Lemma 4.3, it suffices to show that Pg rpo is a rational polyhedron. Let S" = T' x Z*
and () be the projection of S and the projection of P obtained after projecting out the second set of coordinates,

respectively. By Lemma 3.1, Pg o is a rational polyhedron if and only if s/ is a rational polyhedron.

Let S) = T x Z™. We first show that Qg = Qs; N QS’,Qg N QS/,sr where Q"‘ and QQ are defined as
in (26). It is sufficient to argue that if the S’-CG cut derived from («, 8) € Ilg is violated by a point in Qs;,
then (o, 5) € Qf U Q. To this end, take (a, ) € Ilg, where o = (a',@®) € Z™ x 2", and assume that
18)s7.a < [Bls,a- So, Sj contains a point z = (2, 2°) such that az = [ 8] g/ o

Suppose for a contradiction that there are distinct 4,7 € N3 such that o > 0 and a? <0.LetJt = {i € Nj:
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of >0} and J~ = {j € N3 : o} < 0}. As before, we construct a vector r = (r',r%) € Z™ x Z" where

A 3L DR T B o) Dot
ieJt jeJ— JjeEJ~ eJt
As r3 > 0, there exists an integer M such that a®2z3 + Mr3 > 0, and therefore, = + Mr € S’. Moreover,
note that ar = 0, and therefore, a(z + Mr) = az, which implies that |3]s/o = [8]s;,q, @ contradiction.

Therefore, it follows that a® > 0 or a® < 0 holds, so (o, ) € Qa U Qé This in turn implies that Qg =
QS{, N stﬂg N quszgz-

Notice that, by the assumption, both Q) 51,08 and Qg og are rational polyhedra. Since Qs; is a rational polyhedron
by Theorem 3.4 and Qg = Qs; N Q 5.0 NQg 05 it follows that Q- is a rational polyhedron. Therefore, Pg

is a rational polyhedron, as required. O

In Figure 3, we give an example where |3]s,o = |8]s,,a> because a has both positive and negative coefficients.
Here, S = Z2 and Sy = Z*.

Figure 3: A situation where an S-CG cut is not strictly stronger than an Sy-CG cut

For a rational polyhedron P, we define I and IT; as follows:
5 ={(a,B) €llp: a >0}, 27
Iy ={(a,8) €lIp: a<0}. (28)

When it is clear from the context, we will drop the subscript P from H;, II; and use IT", II~ instead. Finally, we

observe that one only needs to study the following narrow case to prove the main result:

Proposition 4.5. Let S be a set of the form (23), and let P C conv(S) be a rational polyhedron. Assume the
following holds:

For every 8" = T x 7> where T C Z" is finite and for every rational polyhedron Q C conv(S’),

both Q g, I, and Qg m, are rational polyhedra.

Then Pg is a rational polyhedron.
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Proof. Let S' =T x Z!}* where T' C Z™ is finite, and let ) C conv(S’) be a rational polyhedron. Let QZS and
Qé be defined as in (26). By Lemma 4.4, it suffices to show that ) 5,94 and @ 51,05 are rational polyhedra. To

show that, we first partition the sets Qg and Qé based on the sign pattern of the components of a/!:
Qg(J):{(aﬁ)ng: al>0Vjed, al<0 VjeNl\J}7

Qé(J):{(a,,B)eQé: al<0Vjed, al>0 VjENl\J},
for all J C N;. Clearly Qa = UJgngg(J) and Q5 = Ujcn, Qg (J). Then it follows from Remark 2.2 that

Qs’,szg = ﬂJgNlQS,ﬂg(J) and QS'ﬂEz = mJgNlQS“Q(—?(J). Hence, it suffices to prove that QSHQE(J) and

Q 5,05 () are rational polyhedra for all J C Nj.

Let J C Ny, and let u € Z'}" be such that T’ C [0, u]. Consider the unimodular transformation 7 : R™ — R™ that
maps x € R" to z = 7(z) € R™ where
Ui — L4, lf’L€N1\J

Z; =
x;, otherwise.

Then 7(S') = 7(T) x 1 for some 7(T') C [0,u]NZ"*. Moreover, 7(25(J)) = ITf ) and 7(Q () = IL ).

By the assumption, both T(Q)T( ST ) and T(Q)T( sny,m-, . are rational polyhedra. Then Lemma 4.1 implies
@ @

that Q ¢, k() and @ §1.05(7) &€ rational polyhedra. Therefore, Q. o and Qg o are rational polyhedra, as

required. O

In Figure 4, we show how to make all coefficients of a valid inequality ax > [ for P nonnegative by applying the
unimodular transformation in Proposition 4.5. Here, S = {0,1,2,3} x Z,, P C conv(S), and the unimodular

transformation is given by 7(x1, x2) = (3 — 21, x2).

Figure 4: Transforming valid inequalities to make all coefficients nonnegative

4.1 Covering polyhedra

In this section, we consider covering polyhedra of the form

Pt ={seR": Az > b} CRY, (29)
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where A € ZTX” and b € Z. Since Pt C R%, PTis pointed, which implies that m > 1. We assume that every

extreme point of PT is contained in conv(S) where
S=TxZy?, TCZ} finite, and n=n;+ ny. (30)

With this assumption, we will prove that PTg is a rational polyhedron. Notice that, as PT may have a ray in
R x {0}, PT is not necessarily contained in conv(S). We also remark that m > 1, because P is pointed. Note

also that every valid inequality for PT is of the form
ar > [ where o >0, 5> 0. (3D

Since we assumed that PT C R’ and every extreme point of P is in conv(S), we have min{az : € PT} >
min{ax : x € S} forevery a € Z7. As we will be dealing with inequalities of the greater or equal to form in this

section, we will abuse notation and define I1p+ as follows:
Ipr = {(a,ﬁ) €Z" xR : (a,f) = (AA, \b) for some A € RY', f = min{ax : z € PT}}. (32)
Given («, 8) € Il pr, the S-CG cut obtained from oz > S is ax > [B]s,a-

We define the support of a vector v € R™ to be the set W C {1,...,n} such that v; # 0 if and only if ¢ € W, and
we denote this by supp(v). For any set I C {1,...,n}, we let supp(v, I) = supp(v) N I and refer to this set as the
support of v on I. Let (o, ) € R™ x R. For j € supp(«), the intercept of the hyperplane {z € R" : ax = 8} on
the nonnegative axis {x € R} : x; = 0 for all 7 # j} equals 3/a; (and for convenience is referred to simply as an

“intercept”). We define I = {n1 +1,...,n}.

The next result implies that if all nondominated S-CG cuts for PT have bounded intercepts (in the components

corresponding to the support of the cut on I5), then PTg is a rational polyhedron.
Lemma 4.6. Let M™ be a positive integer, and let

II={(a,8) €llpr : B/a; < M"* forallj € supp(a,ls)}. (33)
Then PT 5,11 s a rational polyhedron.
Proof. Let S* =T x {0,..., M*}"2. Then S* is a finite subset of S, and by Remark 2.1, PTg« 1 C PTg 1. We
will next show that PTg. i = PTg 1.

Let (o, ) € II. Then ax > B is valid for PT, a« > 0, 3 > 0, and 0 < B/a; < M* for every j € I such that
aj > 0. It is sufficient to show that [3] s+ o = [B]s,a. Let 2* = (21, 2%) € S =T x Z'* be such that

az" = [Bls.a = min{az: x € S,azx > G}. (34)

If z* € S*, then az* = [ 3]s . and therefore, [ 5] g+ o = [B]s,. Thus, we may assume that z* ¢ S*. Then for
some j € I2, we have 27 > M™. Let z € S™ be obtained from z* by reducing all such components to M. Note
that if o;; > 0 for any one of these components, then az > 3 as a; M* > (. If, on the other hand, they are all
zero, then az* = oz and az > [ still holds. Consequently, in both cases, we have az* > oz > (. Therefore, by

(34), we have az* = oz, implying in turn that [ 3]s+ o = [8]s,a and PTg« ;1 = PTg 1, as desired.
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To complete the proof, we will next argue that PT g 1y is a rational polyhedron. Note that we can write

N R0))

ICI,

where
II(I) = {(«,B) € I : supp(e, I2) = I}.

Therefore, I1(I) = IIp+ N H(I) where
H(I) = {(o,8) eR"™ : M*a; >Banda; >1Vjel, a;=0VjeL\I}.

Notice that H(I) C rec(H(I)), and therefore, Theorem 2.7 implies that PTg. 177 is a rational polyhedron. As
Plon= Nicr, PTS*H(I), the proof is complete. O

We will next give a series of results which will show that all nondominated S-CG cuts for P have “bounded”
intercepts, in the sense that these inequalities belong to II defined in (33). So, in the end, we will argue that
Pls=Plsn.

Let A € R\ {0}. For j € {1,...,n}, let (\A); denote the j™ component of AA, and consider the hyperplane
{z € R™ : Az = X\b}. Notice that if each row a; of A has the same support as AA, then the intercept on the
positive z; axis must lie between min;{b;/a;;} and max;{b;/a;;} for any j in supp(AA). In other words, all
intercepts are trivially bounded by a function of A and b. Therefore, the difficult case for us is when not all rows
of A have the same support. In that case, a;; = 0 for some ¢, and therefore, max;{b;/ aij} is unbounded and the

intercept on the positive x; axis can be arbitrarily large.
Definition 4.7. Let A € R \ {0}, and \; > Ay > --- > \,,,. The tilting ratio of X with respect to A is defined as

A
At(r,A4)

r(\A) = (35
where t(\, A) denotes the smallest index j € {1,...,m} such that the support of Zg:l Aia; on I is the same as
the support of MA. In other words, t(\, A) = min{j € {1,...,m} : ngl supp(a;, In) = supp (MA, 1)}, In
particular, Ay, . .., A\yx,a) > 0and r(A, A) > 0.

We will later show (in Theorem 4.11) that for any A € R \ {0}, if 7(\, A) is bounded above by a constant that
depends only on A and b, then the intercepts of {z € R™ : AAxz = Ab} corresponding to I5 are also bounded above
by a constant that depends only on A and b. We next focus on bounding 7(X, A) for A € R \ {0} defining a
nondominated S-CG cut for PT, with the bounding constants (that depend only on A and b, not on the cut) defined

below.

Definition 4.8. Let B = max{b; : i € {1,...,m}} and D = 377" 3", a;;. We define My = 2(mB +2D)
and M = [[7"" M; where
i1
i1
M; = | 2mB [ M; M, fori=2,...,m—1. (36)
j=1
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In particular, M = 1if m = 1 and M > M; > 4 if m > 2. Furthermore, (M;/M;)"/(=1) > 4, and therefore,
(My/M;)M =1 < 1/4 forall i > 2.

We will show in the the following technical lemma that if A € R \ {0} has tilting ratio (A, A) > M, then there
exists a ;1 € R \ {0} that defines an S-CG cut dominating the one defined by A, but with ||u[|; < [|A[[1 — 1. We

will need the following well-known result of Dirichlet.

Theorem 4.9 (Simultaneous Diophantine Approximation Theorem [9]). Let k be a positive integer. Given

_ bi

any real numbers r1,...,1; and 0 < € < 1, there exist integers p1,...,pr and q such that p

izL...,kandlﬁqS(é)k.

ri

€
< qfor

We are ready to prove the following technical lemma:

Lemma 4.10. Let A € R \ {0} be such that (NA, \b) € I psr. If r(X, A) > M, then there exists 1 € R \ {0}
that satisfies the following: (i) ||plli < ||Alx — 1, (4¢) (nA, pb) € Ilpr, and (iii) pAx > [ubls 4 dominates
)\AI Z ’7)\b‘| S,\A-

Proof. After relabeling the rows of Az > b, we may assume that \; > --- > \,,. Let ¢ stand for t(\, A). If t = 1,
we have r(\, A) = 1 < M, a contradiction to our assumption. This implies that ¢ > 2, so we have m > 2 as well.
Let A be defined as
A = min {(AA)j . j € supp(AA, 12)} : (37)
and let
t—1
k = argmin {()\A)j : j €supp (AA, 1)\ U supp(a;, .[2)} . (38)
i=1
By the definition of ¢, it follows that supp (AA, I5) \ U:;} supp(a;, I2) is not empty, and therefore, k is a well-
defined index. Moreover, by (37) and (38),

A< (M), =Y Nai <M Y ai < D (39)

1=t i=t

Notice that as

_)\1_)\1 >\t—1
r(AA) = N X oo X N

there exists £ € {1,...,¢ — 1} such that

>M2M1X"'XMt—1a

)\Z‘/AH_l < M; foralli € {1,,871} and )\[/)\[4_1 > M,. 40)

We now construct the vector i € R™ \ {0}. We consider the case £ > 2 first. It follows from the Simultaneous

Diophantine Approximation Theorem (with k = ¢ — 1 and r; = A;/\, fori € {1,...,¢ — 1}) that there exist

positive integers py, . . . , p¢ satisfying
-1
by ; 1
AP <£,i€{1,...7£} and pgﬁ() (41)
Ae  pe|  pe €
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where ¢ = (My/M;)"/“~1). Moreover, for all i € {1,...,£ — 1} we can assume that p; > p;;1 > py, as
Ai > Aig1. If p; < piqq forsome i € {1,...,¢ — 1}, then increasing p; to p;11 can only reduce |\;/A¢ — p; /pel.

Now we define i1, .. ., iy, as follows:

i —piA forie{l,...,¢},
i = . 42
H { i otherwise. 42)

If, on the other hand, ¢ = 1, we define p as in (42) with p; = 1. We divide the rest of the proof into several parts

to improve readability.

Claim 1. p > 0 and supp(p) = supp(\).
Proof of Claim. 1f£ = 1,then iy = Ay — A and p; = \; fori > 2. As Ay > Mj Ao, it follows that u; = A — A >
MiXy — A, s0by (39), 1 > Ao(M7; — D). This in turn implies that 41 > Ao as M7 — D > 1 by Definition 4.8.

Now consider the case ¢ > 2. Notice that

M, i .
peéﬁf and )\i>2p—m)\g,ze{1,...,€} 43)

where the first inequality follows from (41) and the second one follows from the fact that ¢ < %, |Ai/Ae —Dpi/pe| <
e/pe < 1/(2p¢), and the fact that p; > p, > 1 forall ¢ < £.

We will first show that z > 0. Clearly for ¢ > ¢+ 1, we have pu; = A; > 0. We next show that 1, ..., g > feg1.
Leti € {1,...,¢}. By definition, we have

Ao > Mgy > Mipeher = Ne/pe > Midgga.

As \; > Ql’p'ie ¢, we can conclude that

1
)\i > piMl)\LH/Q and Wi = )\z —piA > pi(aMl)\ngl — A)
Butas A < DAy < DAyy1, we can conclude that
1
Hi > pi(§M1 — D)y

Since M1/2 — D > 1 by Definition 4.8 and p; > 1, the inequality above implies that p; > Apr1 = pes1 > 0

for all ¢ < ¢, as required. Therefore, ;1 > 0. Moreover, we have shown that ; > 0 if and only if A; > 0, for
it =1,...,m,implying supp(p) = supp(A). ©

By Claim 1, supp(pA) = supp(AA), which implies that ¢(u, A) = ¢(\, A). Moreover, since p > 0, it follows that
[[]]1 < ||All1 = 1. So, claim (%) is satisfied whether.

Claim 2. pb = min {pAz : © € P}, and therefore, (1A, pub) € I ps.

Proof of Claim. Remember that A\b = min {)\Ax HE RS PT} and PT = {z € R" : Az > b}. Letz* € P" be such
that AA*z = A\b. By complementary slackness, if A; > 0 foran¢ € {1,...,m}, then a;z* = b;. AsA > >0,
if p1; > 0 then a;z* = b; also holds. Therefore, pAx* = pb = min {qu rx € PT}. a]
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Claim 3. Let Q = {x € R} : ub < pAx < pb+ A}. There is no point & € Q that satisfies

¢ ¢
> piaiw =1+ pibi. (44)
i=1 i=1

Proof of Claim. Suppose for a contradiction that there exists T € (@ satisfying (44). Recall that for the index &
defined in (38) the inequality (uA)y > 0 holds. Let e* denote the £ unit vector and

b .
N (/54)1@ ¢
denote the intercept of the hyperplane defined by Az = ub on the nonnegative axis corresponding to z. Note
that pAv = pb and v € Q). In addition, for the index ¢ defined in (40)

14
> piaiv =0 (45)
=1

since k ¢ U 1 supp(aZ7 ) and a;e® = 0fori <t — 1. As & € @ satisfies (44) and v € @ satisfies (45), we can

take a convex combination of these points to get a point £ € @ such that

4 4 14
Zpiaifc =1+ Zpibi = Zpi(aii“ — bz) =1. (46)
i=1 i=1 i=1
As pAZ < pb+ A, we have
L m
Zui(aia’c — bl) < - Z ,uj(ajf - b]) + A. A7
= j=+1

Note that for all ¢, we have |\;/A\; — p;/pe| < €/pe¢, and therefore, we can define ¢; € [—¢, €] such that

Ai €& A A A
)\l = = A= l(pi +&i) = lpi + lz—:i.
¢ D be Pe Pbe Pe

Therefore, using the fact that p; = A\; — p; A for i < £ we can rewrite the left hand side of (47):

V4 4
S0 = pid) sz~ b) = S50+ 2o (st — b) = (3 - &)+ 2 Zsz aE—b)  (8)

i=1 i=1 pe
where the second equality follows from (46). Therefore, we can rewrite (47) as:
A 4 m
2 (14—26}(6@73—(%)) < - Z uj(aji"—bj)—FQA
be i=1 j=0+1

" 1
Z (b + 2 < Api1(mB +2D) = FAes1 M (49)
J=0+1

IN

where the second inequality in (49) follows the assumption that a; > 0 and > 0, the third inequality follows
from the fact that pi; = A\; < Apqq for i = £+ 1,...,m by (42) and that b; < B by Definition 4.8. The last

equality simply follows from the definition of M;.

We will obtain a lower bound on the first term in (49). As a;Z > 0, b; > 0, and ¢; € [—¢, €], we have
¢ ¢ 0 ¢
Z€Z‘ (aif - bz) = Zsiaﬂ - ZEZbZ 2 —& Z(a@ + bz) (50)
i=1 i=1 i=1 i=1
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Asp; > pofori e {1,...,£} and b; < B, we have

V4 Vi Y y
dad <) Trad = ;<1+Zpibi> < p%JrBZ& (51)

where the equality above follows from (46). Moreover,

-1 —1¢—-1

¢
Z%§1+Z(;—z+p%) é—l Z—<1+ (t—1)— +ZHM (52)
=1

=1 1=1 j=1
where the first inequality follows from p; /pe < X\;/A¢ + ¢/pg for i < £ — 1 by (41) and the second inequality
follows from the fact that A\;/ A\, = Hf;i Aj/Aj41 and that A; /A1 < Mj for j < ¢ — 1. Putting (51), (52) and
Zle b; < mB together, we obtain the following inequality:

4 0—10-1

Z(aif+bi)§B m+B—+1+ —1)— +ZHM

=1 1=1 j=1

The term Ef;ll H ! M; can be bounded above by (¢ — 1) H 1 M;. Moreover, it is not difficult to see that

-1
1
m+ — +1+(—1)= < T M,.
Bpy pe
Therefore,
¢ 0—1
Z(azm +b;) < Bm H M;
i=1 j=1

It follows from (36) and (41) that Bm H M = 25 , implying in turn that

¢
_ 1
—€ ;(aix + bz) > —5.
By (50), it follows that Zle g;(a;T —b;) > —1/2. Then the left hand side of (49) is lower bounded by \¢/2py, so
we obtain Ay < ppAgy1 My from (49), implying in turn that M, < p,M; as we assumed that A\, > MyAyy1 (40).

However, this contradicts the first inequality in (43). o
Claim 4. Az > [pbls 4 dominates XAz > [Ab] sz 4.
Proof of Claim. We will first show that
pb < [ublsua < pb+ A (53)

holds. Set (v, 3) = (uA, ub). By Claim 2, we have that 3 = min{az : z € PT}. We have 8 > min{az : z € S}
because P C R” and every extreme point of P' is contained in conv(S). If 3 = min{az : z € S}, then

B = [B]s,o- Thus we may assume that 5 > min{ax : € S}, so there exists z’ € S such that 5§ > «az’.

Remember that by (37), A = min{(AA); : j € supp(AA,I2)}, and let j be such that (AA); = A. As
supp(AA, Ir) = supp(pA, I), we have a; > 0 and k = (8 — az’)/a; > 0. Therefore, 2"/ = 2/ + [k]e! € S.
Observe that

B=ad+(B-a) = a(d+re?) < a(Z+[kle)) = B+a;([k] —k) < B+ay.
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As A > p, we have A > o implying 8 < az” < 8+ A and (53) hold as desired.

Let z € S be such that pAz = [pb]s 4. As 2 is integral, Claim 3 implies that

‘ ¢ ¢ ‘
> piaiz <1+ pibi = Y piaiz=y pbi—[
i=1 i=1 i=1 i=1
for some integer f € [0, Zle p;b;]. Consider z + fe/ € S and observe that

¢ ¢ ¢

M (z+ fel) = XAz + f (AA); = (MA +A ZP:‘%‘) z+ AZPi(bi —a;iz) = [ub]s A + AZPibzw
i=1 i=1 i=1
Since [pb]s,,4 > pb, we must have

£ V4
[1b]sa + A pibi > pb+ A pib; = Ab.

=1 i=1

Then [pbls,a + AZfIl pibi > [Ab]sra. So, the inequality AAz > [Ab]s a4 is dominated by pAz >
[1b]s, 4, as the former is implied by the latter and a nonnegative combination of the inequalities in Az > b, as

required. m
O

We remark that the proof of Claim 4 is the only part where we use the assumption that every extreme point of PT

is contained in conv(.S).

Theorem 4.11. Let P' and S be defined as in (29) and (30), respectively. Let
II= {(046) €llpr: Blay < M* forall j € supp(a,Ig)}

where M* = mBM. Then PTg = PTS,H, and in particular, P' g is a rational polyhedron.

Proof. By Remark 2.2, we have PTg C PTg 1y as IT C IIp+. To show that they are equal, we will argue that for
each (o, 3) € Ipr, there is an (o, 5) € II such that the S-CG cut derived from (o, 3") dominates the S-CG
cut derived from («, ) on PT.

Let A € R\ {0} be such that (AA, A\b) € I1p+, and set (o, 3) = (AA, Ab). If B/a; < M* forall j € supp(a, I2),
then («, B) € II as desired. Otherwise, consider an arbitrary j € supp(c«, I2) such that 5/ca; > M*. Let ¢ stand
for t(\, A) and note that

M* < ﬁ _ Zi:1 /\ibi < /\1 Zi:l bz‘ _ T()\,A) Zi:l bi

aj it N T N ay iy i

< mBr(\ A)

where the last inequality follows from the fact that b; < B forall i € {1,...,m}, and the fact that 2221 a;; > 1
as Ule supp (ai, I2) = supp (AA, I2).

As M* = mBM, we have r(\,A) > M. Then, by Lemma 4.10, there exists a ¢ € R \ {0} such that
llelli < |IM|1 — 1 and the S-CG cut generated by y dominates the S-CG cut generated by A for PT. If necessary,

23



we can repeat this argument and construct a sequence of vectors pu', 2, ..., with decreasing norms such that
each vector in the sequence defines an S-CG cut that dominates the previous one. Therefore, after at most ||A||;
iterations, we must obtain a vector [ such that (i, A) < M and (14, ab) € II. As (1A, 1b) € II and the S-CG
cut generated by /i dominates the S-CG cut generated by \ for PT, we conclude that PTg = P" 5,11 Moreover, as

PTg 1 is a rational polyhedron by Lemma 4.6, it follows that PT is a rational polyhedron, as desired. O

4.2 Packing polyhedra
In this section, we consider packing polyhedra of the form
Pt = {x eR": Az < b}, (54)

where A € Z/"*" and b € Z7'. We will prove that P*g is a rational polyhedron where S is of the form (30). If
Ptg = (), then Ptg is trivially a rational polyhedron. So, for the rest of this section, we will assume that P is
nonempty. Unlike the covering polyhedra considered in Section 4.1, P+ is not necessarily pointed. Moreover, we
do not assume that every extreme point of P+ is contained in conv(S). We may assume that m > 1. If otherwise,
P+ = R”, and therefore, P+g = R" is trivially a rational polyhedron. Notice that every valid inequality for P+ is

of the form ax < 8 where « and 3 are nonnegative. Recall that I1p, is defined as

Ip, = {(a,B) €Z" xR : (a, B) = (AA, \b) for some A € RY', B = max{ax :z € P*}}. (55)
As before, we use Iy = {n; + 1,...,n} for convenience. We first consider cuts with bounded intercepts.
Lemma 4.12. Let M* be a positive integer, and let

II={(a,8) €llps : B/ < M"* forallj € supp(a,ls)}. (56)

Then Pis’n is a rational polyhedron.
Proof. The proof is very similar to that of Lemma 4.6. Let S* = T x {0, ..., M*}"2. Then S* is a finite subset
of S, and by Remark 2.1, Pis*,n - Pigﬂ. We first show that P¢5*7H = Pigyn.

Let (o, ) € II. Then ax < B is valid for P*, o > 0, 3 > 0, and 0 < B/a; < M* for every j € I such that
a; > 0. Notice that there exists z* = (2!, 2?) € S = T x Z}* such that

az* = |flsa =max{axr: x €85, ar <}, (57)

for otherwise, Pis,n isempty. Let j € Ip. If o; > 0, then 5 < M ™o, implying in turn that z]* <M*. Ifa; =0,
then we may assume that z; = 0. Therefore, we may assume that z* € S, so it follows that [ 3]s+ o = [B]s.a-

This implies that P* g+ 1 = Pt 11, as desired.

To complete the proof, we next show that P+ g 1y is a rational polyhedron. We first write IT = U;c,I1(I) where
II(I) = {(«, B) € I : supp(av, Iz) = I}. Therefore, II(I) = IIp, N H(I) where

H(I)={(a,8) ER" xR: M*a;>8 and a; >1Vjel, aj=0VjeNy\I}.
As H(I) C rec(H(I)), it follows from Theorem 2.7 that P*g. ry(s) is a rational polyhedron. So, as Pg- 1 =

Nrcr, Plg. JI(1)s Ptg. .1 is a rational polyhedron, implying in turn that pt 5,11 is a rational polyhedron. O
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The proof of Lemma 4.13 is basically the same as that of Lemma 4.10. Given A € R"", as in Definition 4.7, we can
define the tilting ratio of A with respect to A, and we denote it by 7(\, A). Let B, D, M, fori € {1,...,m — 1},
and M be defined as in Definition 4.8.

Lemma 4.13. Let A € R \ {0} be such that (NA, \b) € Ilpy. If r(\, A) > M, then there exists n € R \ {0}
that satisfies the following: (i) ||pllx < ||Allh — 1, (3¢) (pA, pb) € Ilpy, and (iii) pAx < |ubls 4 dominates
MMz < \_)\bJ SAA-

Proof. After relabeling the rows of Ax < b, we may assume that Ay > --- > \,,,. Let £(\, A) be defined as in
Definition 4.7, and let ¢ stand for ¢(\, A). If ¢t = 1, we have (A, A) = 1 < M, a contradiction to our assumption.
So, t > 2. Let A and k be defined as in (37) and (38). As supp (AA, I5) \ U’;} supp(a;, I2) is not empty, k is
a well-defined index. Moreover, as (A, A) > M; X -+ X M,,_1, there exists some £ € {1,...,t — 1} such
that (40) is satisfied. By the Simultaneous Diophantine Approximation theorem (with &k = ¢ — L and r; = A\;/ )\
fori € {1,...,k}), there exist positive integers p1, . .., p; that satisfy (41).

As in the proof of Lemma 4.10, we now construct ;1 € R™ as follows:

(58)

M= pA fori=1,....4,
= by otherwise

When ¢ = 1, we let p; = 1, and let 1 be defined by (58). Using the same arguments as in the proof of Lemma 4.10,
we can show that 1+ > 0, supp(u) = supp()) and pb = max {pAz : & € P}, and therefore, (1A, pb) € Hp..
Consequently, we get that ||]|; < ||A|l1 — 1 is satisfied.

We next define @ = {x € R} : ub — A < pAx < pb} and show that there is no point 2 € @ that satisfies

4 4
> piaiw > 1+ pib;. (59)
i=1 =1

Suppose for a contradiction that there exists £ € @ satisfying (59). (Note that ) here is defined differently than
the one defined in Claim 3 of Lemma 4.10.) Taking a convex combination of & with the point v € @ defined in
the proof of Lemma 4.10, we can construct T € @ such that Ele pia; T =1+ Ele pibi. As T € @, we have
AT < pb, and this inequality can be rewritten as Zle wi(a;z —b;) < — Z;”:ZH w;(a;T —bj). As A >0, it
follows that

14 m
Zﬂl(a@ — bl) S — Z ,uj(ajf - bj) + A. (60)
i=1 j=0+1

Note that inequality (60) is the same as (47). The same argument used for proving Claim 3 of Lemma 4.10 can be

repeated, and we obtain the desired contradiction.

Finally, to show that AAxz < |Ab]g x4 is implied by pAx < |[pb]s 4 and the inequalities in Az < b, we first
show that
pb— A < |pblsua < pb (61)

holds. Let «, 3 denote pA, ub, respectively. There exists z € S such that az = |3]g,,. Recall that by (37),
A = min{(A\A); : j € supp(MA, I>)}, and let j be such that (AA); = A. Note that z + ¢/ € S and that
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alz + €7) = az+ aj. As az = [B]s,q, it follows that a(z + /) = |B]sa + @j > [B]s,a. That means
a(z +e’) > B. So, we obtain | 3] S,a +aj > . Since A > p, we have A > «y, so it follows that | 3]s >
B8 —a; > B — A, as required.

There exists z € S such that pAz = |ub|s 4, and (61) implies that ub — A < pAz < pb. Since we have
shown that there is no point x € (@ satisfying (59), it follows that Zle pia;z = Zle pib; — f for some
integer f € {O, S pib,}, as z is integral. It can be observed that AA (z + fel) = [ub)sua + A S pibi.
Since [1ib] g4 < pb, we must have [ub]sa + A pibs < b+ AY ', pibi = Ab. Then |ub|s,a +
A Ele pibi < [Ab]g.aa. So, the inequality AMAx < |Ab] g 4 is dominated by pAz < |ub|g .4, as the former

is implied by the latter and a nonnegative combination of the inequalities in Az < b, as required. O
Theorem 4.14. Let PV and S be defined as in (54) and (30), respectively. Let

II= {(a,ﬁ) €lp,: B/ay < M* forallj e supp(oz,IQ)}
where M* = mBM. Then P*s = P* g1, and in particular, P*g is a rational polyhedron.

Proof. Recall that Pty = Pis,np¢ by (6). As IT C Ilp,, Remark 2.2 implies that Pis,nﬂ - P¢57H. To show
that Pisﬂm = Ptg 11, we will argue that for each (a, ) € I p., there is an (o/, 8’) € II such that the S-CG
cut derived from (o, 3’) dominates the S-CG cut derived from («, 3) on P*.

Let A € R} \ {0} be such that (AA,\b) € IIp, and let &« = AA, and § = Ab. If B/a; < M* for all
Jj € supp(a, I2), then (a, B) € II as desired. Otherwise, consider an arbitrary j € supp(«, I2) such that 3/c; >
M*. As argued in the proof of Theorem 4.11, it can be shown that M* < mBr(A, A). As M* = mBM,
we have r(\, A) > M. So, by Lemma 4.13, there exists a u € R \ {0} such that () |||l < [[A1 — 1,
(1) (wA, ub) € Ilp., and (iii) pAzx < [pb]g a dominates NMAz < |Ab]gra. As we argued in the proof of
Theorem 4.11, after repeating this process for at most ||A||; iterations, we may assume that r(u, A) < M and
(uA, ub) € II. Since the S-CG cut generated by 1 dominates the S-CG cut generated by \ for P+, it follows that
Ptg = Ptg . Since Pty is a rational polyhedron by Lemma 4.12, it follows that P is a rational polyhedron,

as required. O
4.3 The main result
We are now ready to prove the main result of this paper.

Theorem 1.1. Let T' C Z™ be finite, £ € 7™3,u € 2™, and let S be
S = {(x,y,wl,wQ) ELM XTI X xZ™: zeT, w >0, w?< u}
If P C conv(S) is a rational polyhedron, then the S-CG closure of P is a rational polyhedron.
Proof. By Lemma 4.2 and Proposition 4.5, it is sufficient to show that for every S = T' x Z'}* where T' C Z*

is finite and for every rational polyhedron @ C conv(S), Qg es and Qg i are rational polyhedra where Hg and
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Hg? are defined as in (27)—(28). To this end, take a set S = T x Z'? for some finite 7 C Z'" and a rational
polyhedron @@ C conv(.S). We abbreviate HCS and Il ; by IIF and I1, respectively. Let QT and Q¥ be defined as
follows:

QT=Q+R} xRP and Q'=Q-R} xR},

Let n = ny + ny. Since @ C conv(S) and conv(S) C R, there exist some matrices A, b, C, d of appropriate
dimension whose entries are nonnegative integers such that QT = {x € R" : Az > b} and Q* = {z € R" :

Cx < d}. Moreover, QT is pointed and its extreme points of Q" are contained in conv (S).

We first claim that QT4 N Q = Q g.1m1-- We will show that II™ = T" where
I'={(-a,—B) €Z" xR : (a,B) = (AA, \b) for some \ € R}, 8 =min{az:z € Q'}}.

Let (—a, —3) € . Then aw > S is a valid inequality for Q7. Since the entries of A are nonnegative, it follows
that @ > 0, implying in turn that min{az : z € Q'} = min{az : z € Q}. Then —3 = max{—ax :
x € Q}, so (—a,—p) € II". Conversely, take (—c,—f) € II". Then —8 = max{—azx: 2z € Q}, so 8 =
min{az:z € Q}. As a > 0, it follows that min{az : € Q} = min{az: 2z € Q'}, so (—a,—p) € I.
Therefore, as II- =T, it follows that Qg - = {z € Q : az > [B]sa Y(—a,—B) €T} =QNQ .

Similarly, we claim that Q*g N Q@ = Qg +. We will show that Mg, = IOIF. Let (o, ) € Hgu. Then ax < f8
is a valid inequality for Q*. Since the entries of C are nonnegative, it follows that o > 0, implying in turn that
max{az : ¥ € Q*} = max{az : v € Q}. So, it follows that (o, 3) € II*. Conversely, take (a, 3) € II*.
Then, as & > 0 and 8 = max{az : z € Q}, we have 8 = max{az : € Q*}. In turn, we get (a, B) € Hgu.
Therefore, as Tlg, = ITT, it follows that Qg+ = {z € Q : az < [B]sa (o, B) € g} = QN QY.

By Theorems 4.11 and 4.14, both Q" ¢ and Q* 4 are rational polyhedra. In turn, both s and Q4 i, are rational

polyhedra. Therefore, Pg is a rational polyhedron, as required. O

S Concluding remarks

In this paper, we proved that the closure of a rational polyhedron obtained after applying S-Chvétal-Gomory
inequalities is also a rational polyhedron when S is the set of integer points that satisfy arbitrary bound constraints.
Note that in our setting, classical Chvatal-Gomory inequalities can be seen as S-Chvatal-Gomory inequalities

where S contains all integer points.

Our result generalizes an earlier result of Dunkel and Schulz who studied the same question when S is the set of all
vertices of the {0, 1} cube. Their proof is already more difficult than the proof of the same result for the classical
CG inequalities. Our proof builds on proof techniques for the cases S = Z™ and S = {0, 1}", but is significantly
more difficult. One source of difficulty is the fact that not every facet of the S-CG closure is defined by an S-CG
cut but instead some facet-defining inequality could be the limiting inequality obtained from an infinite sequence of
S-CG cuts, as seen in Example 2.4 and Figure 2. In contrast, all facets of many other closures such as the Chvétal
closure [20], the split closure [5], the ¢-branch split closure [7], and the lattice closure [8] are in fact defined by the
cuts from the corresponding family. Related to this fact, there is no finite set of S-CG cuts that imply the rest.
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One question we have not answered is whether or not the S-CG closure of polyhedra is still polyhedral for more
general S. As we discussed in Section 1, S-CG cuts can also be considered as a special case of wide split cuts [2].
In the same way that S-CG cuts generalize CG cuts, one can generalize split cuts to define S-split cuts and study

the associated closure. A natural question then is whether or not such closures of rational polyhedra are polyhedral.

It is known that the separation problem for CG cuts is NP-hard [12], although it is easy to certify the validity of
a CG cut. The separation problem for S-CG cuts for a given polyhedron P C R" is clearly also NP-hard, as .S
can be chosen to be Z™. Furthermore, even establishing the validity of an S-CG cut is NP-hard for certain choices
of S. For example, when S = Z'!, establishing validity is equivalent to solving an unbounded knapsack problem.
In [2], computational methods for separating wide split cuts were studied. A natural question is whether one can

devise effective methods to separate S-CG cuts for different choices of .S.
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